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Abstract

We develop a general and unified model in which a continuum of agents conduct directed
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economics. The agents’ types are shown to be independent discrete-time Markov processes
that incorporate the effects of random mutation, random matching with match-induced
type changes, and with the potential for enduring partnerships that may have randomly
timed break-ups. The multi-period cross-sectional distribution of types is shown to be
deterministic and is calculated using the exact law of large numbers.
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1 Introduction

The economics literature is replete with models that assume independent random matching
among a continuum of agentsEl The agents in these models are frequently motivated to conduct
“directed search,” that is, to focus their searches toward those types of counterparties that offer

greater gains from interaction, or toward those types that are less costly to find. For example,

Rogerson, Shimer, and Wright| (2005]) describe cases in which “search is directed — i.e., workers

do not encounter firms completely at random but try to locate those posting attractive terms
of trade.” Our central marginal contribution is to provide a mathematical foundation for the
existence and properties of directed search models.

Independent directed random matching, which includes the popular “matching-function”
approach, is the key to achieving tractability in many search-based models of financial markets,
monetary theory, and labor economics.

Previous work on mathematical foundations for random matching considers only search
that is “undirected,” in the sense that, conditional on a match by a given agent at a given
time, the probability that the match is with a particular “target” type of agents is merely the
fraction of agents of the target type. Directed search can arise, for example, when one side of
a market posts terms of trade that are especially attractive to specific types of agents.

Despite heavy reliance in the economics literature on models of independent directed
search?] until now there has actually been no demonstration of the existence of such search
models, nor of the assumed aggregate behavior of these models that is supposedly based on the
law of large numbers. This paper demonstrates the existence and properties of general models
of static and dynamic independent directed search, thus placing a complete mathematical
foundation under the directed-search models assumed in the prior literature. Our results include
new features and properties that may be useful in future research.

Earlier foundational work on random matching in a dynamic setting, which we review
in Section [5] also presumes that partnerships break up immediately after matching. Here, we
allow for the potential of enduring partnerships, which may have randomly timed break-ups.

In order to meet the objectives of this paper, a completely new methodology is required, for

1 is the first, to our knowledge, to have relied on the effect of the exact law of large numbers
for random pairwise matching in a market. Other examples include Binmore and Samuelson| (1999), [Currarini,
[Jackson and Pin| (2009)), [Duffie, Garleanu, and Pedersen| (2005), |Green and Zhou| (2002)), Kiyotaki and Wright
(1989), [Lagos and Rocheteau| (2009)), |Vayanos and Weill (2008), and [Weill| (2007).

Among the many applications of directed search in the economics literature, in addition to those cited
elsewhere in this paper, are the models of |Acemoglu and Shimer| (1999), |Albrecht, Gautier, and Vroman| (2006,
Burdett, Shi, and Wright| (2001)), (Camera and Selcuk| (2009)), [Eeckhout and Kircher| (2010), Faig and Jerez| (2005)),
Guerrieri, Shimer, and Wright|(2010)), Kiyotaki and Lagos| (1993)), [Li, Rocheteau and Weill| (2012) McAfee| (1993),
Menzio| (2007, Moen| (1997), [Peters| (1991)), (]m , and [Watanabe]| (2010).




both static and dynamic settingsﬁ

We first consider a static setting in which search is “directed,” in the sense that the
probability qi; that an agent of type k is matched to an agent of type [ can vary with the
respective types k and [, from some type space S. We first show, in Theorem [I| the existence
of directed random matching in which counterparty types are independent across agents. It
follows from the exact law of large numbers that the proportion of type-k agents matched
with type-l agents is almost surely prqr;, where pg is the proportion of type-k agents in the
population. By allowing the matching probabilities {gr}rcs to depend on the underlying
cross-sectional type distribution p, we also encompass the “matching-function” approach that
has frequently been applied in the labor literature, as surveyed by [Petrongolo and Pissarides
(2001)) and Rogerson, Shimer, and Wright| (2005]), as well as over-the-counter models of trade
in financial markets, as in [Maurin| (2015).

In typical dynamic settings for random matching, once two agents are matched, their
types change according to some deterministic or random rule. For example, when an unem-
ployed worker meets a firm with a vacant job, the worker’s type changes to “employed.” When
a prospective buyer and seller meet, their status as asset owners can change, and they can
learn information from each other. Random mutation of agent types is also a common model
feature, allowing for shocks to preferences, productivity, or endowmentsﬁ

In practice, and in an extensive part of the literature, once a pair of agents is matched,
they may stay matched for some time. Typical examples include the relationships between
employer and employee, or between two agents that take time to bargain over their terms
of tradeﬂ In this paper, we develop the first mathematical model for independent random
matching that allows for potentially enduring partnerships.

Our general model of independent dynamic directed random matching incorporates the
effects of random mutation, random matching with match-induced type changes, and enduring
partnerships. The agents’ types are shown to be independent discrete-time Markov chains.
By the exact law of large numbers in the dynamic setting, the multi-period cross-sectional
distribution of agents’ types is deterministic, and has a period-to-period update mapping that
coincides with the transition function of the law of the Markov chain for individual agent types.
For the special time-homogeneous case, we obtain a stationary joint cross-sectional distribution

of agent types, incorporating both unmatched agent types and pairs of currently matched

3See the discussions in the first two paragraphs of Subsection on the proof of the static results, and the
second paragraph of Subsection [E.2]on the proof of the dynamic results, respectively.

4See, for example, Duffie, Garleanu, and Pedersen| (2005) and [Lester, Postlewaite and Wright| (2012).

5See, for example, |Acemoglu and Wolitzky| (2011)), |Andolfatto| (1996)), [Diamond| (1982)), Mortensen and
Pissarides| (1994]), Tsoy| (2014)), and the references in the surveys of [Petrongolo and Pissarides| (2001)), [Rogerson,
Shimer, and Wright| (2005) and Wright et al. | (2017]).



types. This stationary cross-sectional distribution coincides with the stationary probability
distribution of the individual agent type processes. Many previously studied search-based
models of money, over-the-counter financial markets, and labor markets have relied on these
and other properties, which we demonstrate here for the first time.

We illustrate the applications of our model of directed random matching with four ex-
amples taken, respectively, from Duffie, Malamud and Manso| (2014} in financial economics;
Kiyotaki and Wright (1989) and |[Matsuyama, Kiyotaki and Matsuil (1993) in monetary eco-
nomics; and Andolfatto| (1996)) in labor economics. These examples show how our model can
be used to provide rigorous foundations for typical random-matching models used in these
respective literatures.

The remainder of the paper is organized as follows. Section [2] is a brief guide to our
main results in an easily accessible form. In Section [3] we describe a static model of inde-
pendent directed random matching, including an existence result as well as an application to
a typical over-the-counter financial market model. In order to capture the effect of enduring
partnerships, we must separately treat legacy and newly matched pairs of agents. In partic-
ular, we keep track of agents and their matched partners at each step (mutation, matching,
and type changing), in every time period. Because the treatment of enduring partnerships
is considerably more involved, its exposition is postponed to Appendix [A] In Section [d] we
treat the relatively simpler case of a dynamical system with random mutation, directed ran-
dom matching, and match-induced type changing, but without enduring partnerships. This
section includes results covering the existence and exact law of large numbers for a dynamical
system with Markov conditional independence. Appendix[B]contains the remaining illustrative
examples of applications of our main results, to models of monetary and labor economics.

The proofs of the results on the exact law of large numbers and stationarity for a general
dynamic directed random matching are given in Appendix The proofs for the existence
results for static and dynamic directed random matching make extensive use of tools from
nonstandard analysis, of which a brief introduction is provided in Appendix @E Those proofs
are located in Appendix [E] Section [5]offers a discussion of the prior foundational mathematical

research on random matching models, and some concluding remarks.

2 Guide to the Main Results

We first offer a brief guide to the main results at an informal level, unburdened by many

technical details that we postpone to later sections.

SNonstandard analysis is not needed in the proofs of those results.
"The reader can also be referred to the first three chapters of [Loeb and Wolff| (2015) for basic nonstandard
analysis.



We emphasize throughout the key effects of the exact law of large numbers. This law is
largely responsible for the popularity of random-matching models, because of the tractability
associated with deterministic, and explicitly computable, quantities of matches between given
types of agents. In multi-period settings, key additional tractability is obtained via the deter-
ministic and explicitly computable evolution of the cross-sectional distribution of agent types.
For example, consider the stochastic dynamic programming problem faced by a given agent in
an economy with interacting agents, whose respective types change randomly over time through
various shocks, including those induced by matching. Without the effect of the exact law of
large numbers, the state variable for a given agent’s problem would need to include not only
that agent’s current type, but also the randomly evolving cross-sectional distribution of types
of all other agents. In many settings, the high dimensionality of the resulting state variable
would rule out any reasonable progress toward a tractable solution. However, with indepen-
dent random matching and an application of the exact law of large numbers, a given agent
can safely assume that the cross-sectional distribution of types of the other agents evolves over
time deterministically (almost surely). This leaves a fixed-point problem, of finding agent-level
policy rules that are consistent in equilibrium with optimality by each agent. In this paper,
however, we take agent-level policy rules as given. We also provide supporting assumptions
for stationarity, under which the cross-sectional distribution of types is actually constant and
deterministic, further simplifying the analysis.

In the context of random-matching models, the independence of matching outcomes is
generally viewed as a behavioral assumption. That is, when agents conduct searches without

explicit coordination, independence has been viewed as a natural assumption.

2.1 The exact law of large numbers

We fix a probability space (2, F, P). An element of ) is a state of the world. A measurable
subset B of Q (that is, an element of F) is an event, whose probability is P(B). The agent
space is an atomless probability space (I,Z,\). An element of I represents an agent. The mass
of some measurable subset A of agents is A(A). Because the total mass of agents is 1, we can
also treat A(A) as the fraction of the agents that are in A. In fact, we can take I to be the unit
interval [0, 1] and A to be an extension of the Lebesgue measureﬁ

In order to obtain the exact law of large numbers (ELLN) for a collection {f; : i € I}
of agent-level random variables, we model such a collection as a function f : I x @ — R that

is measurable with respect to a sufficiently rich set of measurable subsets of I x €2, denoted

8For measure-theoretic reasons, however, we need the set Z of measurable sets of agents to be richer than the
usual Lebesgue measurable sets. We also follow the convention that all probability spaces are countably additive
and complete, unless otherwise noted.



7 X F, that extends the usual product o-algebra Z ® F. The required properties of Z X F
are given in the next section. The usual product g-algebra Z ® F is not satisfactory for this
purpose. We will also use a weaker version of the notion of independence of the agent-level
random variables. An Z X F-measurable function f from I x € to R is said to be essentially
pairwise independent if for A-almost all 7 € I, the agent-level random variables f; and f;
are independent for A-almost all j € I. As explicitly shownﬂ this condition is weaker than
the usual conditions of mutual independence (any finite collection of random variables are
independent) and pairwise independence (any pair of random variables are independent). The
weaker condition allows one to state a more general version of the exact law of large numbers
for independent random matchingm Unless otherwise noted, by “independence,” we mean
“essential pairwise independence,” throughout this paper.

From the exact law of large numbers of Sun| (2006, Corollary 2.10) (or see Lemma
below), if f is Z X F-measurable, integrable (in that [, E(|fi|) dA(i) is finite), and essentially

pairwise independent, then
/fi d\(i) = /E(fl) d\(i) almost surely. (1)
I I

For example, if the agent-level random variables {f; : ¢ € I} are not only pairwise
independent, but also have the same probability distribution with a finite expectation, then
implies that the cross-sectional average outcome | ; fidA(i) is almost surely equal to the

expected outcome for any agent, E(f;).

2.2 Static directed random matching

Each agent has some type in S = {1,2,..., K}. These types are assigned by some measurable
function, o : I — S. The initial fraction of type-k agents is thus pr = A ({7 : a(i) = k}). The
cross-sectional type distribution p = (pg) is thus an element of the space A of probability
distributions on S.

A random matching is a function « : I x €2 — I that assigns a unique randomly chosen
agent 7(7) to agent . In the event that 7(i) = ¢, agent 7 is not matched. Otherwise, 7(7) is the
agent to whom ¢ is matched. We will consider matchings with the property that any agent of
type k is matched to an agent of type [ with some given “directed-matching” probability gz,
for any (k,1) € S%. Of course, these parameters (qz;) must satisfy Yicg @ < 1. That is, for
any agent i of type k, we have gy = P(g; = ), where g(i) = a(n(i)) denotes the type of the

agent to whom ¢ is matched. In the event that ¢ is not matched, we denote g(i) = J.

9See Footnote
90n the other hand, Hammond and Sun| (2006) shows that the essential versions of pairwise and mutual
independence are equivalent even in the conditional setting.



A special case is uniform random matching, which means that ¢i; = p;. For reasons
given in the Introduction, a rich body of prior research requires more generality than uniform
matching.

For the specified matching probabilities (gx;) to be feasible, we must have

Dk Gkl = D1 Qik» (2)

because the left and right hand sides are both equal to the expected total quantity of matches
of agents of type k with agents of type (.

A random matching 7 is said to be independent if the associated types {g; : i € I} are
essentially pairwise independent. In this case, it follows immediately from the exact law of large
numbers that the quantity A({i : «(i) = k,g(i) = I}) of agents of type k that are matched to
agents of type [ is almost surely equal to the expected quantity prqx;. One of our main results
in Section {4| states that for any given initial distribution p = (pg) of types and any feasible
matching probabilities (gx;), there exists an initial type function «, a random matching 7, and
an associated Z X F-measurable process g for partners’ types satisfying these key properties.

We will show additional useful properties of such a directed random matching model.

2.3 Matching functions

Proposition [I] and Theorem [I] of Section [4] also provide a rigorous probabilistic foundation for
the “matching-function” approach that is widely used in the literature of search-based labor
markets. Matching functions allow the probabilities of matching to be directed and to depend
on an endogenously determined cross-sectional distribution of types.

In models of search-based labor markets, it is typical to suppose that firms and workers
are characterized by their types. A commonly used modeling device in this setting is a matching
function my; : [0, 1] x [0, 1] — [0, 1] that specifies the quantity of type-k agents that are matched
with type-l agents, given any proportions of type-k agents and type-l agents. (See Petrongolo
and Pissarides| (2001)) for a survey of the matching-function approach.) Clearly one must require

that for any k and [ in S and any p in A,

M (e, p1) = mMuk(Ppe)s Y M (Pks D) < D (3)
res

Let qr; = mui(pr, 1) /pr for pr # 0, and let g = 0 for pp = 0. Then the requirements for a
matching probability function are satisfied by (gx;). By our results in Section 4, there exists
an independent directed random matching = with parameters (p,q). Moreover, for any types
k and [, the mass A({i : o; = k,g; = [}) of agents of type k that are matched to agents of type

[ is almost surely

ekl = Mkl (Dk, P1),



as specified by the given matching function. This means that any matching function satisfying
Equation can be realized through independent directed random matching, almost surely.
For the special case of only two types of agents (say, types 1 and 2), any nonnegative matching
function m(p1, p2) with m(p1,p2) < min(p1, p2) can be realized through independent directed
random matching. For this, one can simply take q12 = m(p1, p2)/p1 and g21 = m(p1, p2)/pe.
More general cases are considered in Footnote

A common parametric specification is the Cobb-Douglas matching function, for which

myy (v, pv) = Apg i,

for parameters o and (3 in (0, 1), and a non-negative scaling parameter A. We emphasize that
for some parameters «, 3, and A, the inequality A pf; p€ < min(py, py) may fail for some

(pu,pv) € A. In that case, one can let m(py,py) = min(Ap%pe,pU,pv).

2.4 Markovian mutation and match-induced type changes

We now extend to a multi-period setting with time periods 0, 1,... Typically, models used in

the literature allow for the following additional probabilistic specifications:

e Before random matching occurs in each period, a random mutation causes an agent of

type k to become an agent of type [ with a given probability by;.

e At any matching between agents of types k and [, the agent that was of type k& becomes
an agent of type r with probability v(r). Likewise, the agent that was of type | becomes
an agent of type r with probability v (r).

The complete list of model parameters is thus (p°, g, b, v), where the initial type distri-
bution p° and the matching probabilities ¢ = (qx;) are as described above for the static model.
In the more general model of Section |4}, we allow the parameters (g, b, ) to vary with the time
period.

In each period, the mutations, random matchings, and match-induced type changes are
assumed to be conditionally independent across agents, in the essential-pairwise sense. The
initial types {a? : 1 € I} are assumed to be essentially pairwise independent, which includes
the special case of deterministic initial types.

In period n, after any mutation and match-induced types changes that have occurred in
that period, let o] denote the type of agent i and let p} = A({i : o] = k}) denote the fraction
of agents of type k. Let §” be the expected type distribution E(p™). The initial conditions
a® and p° € A are given. The objective is to calculate the probability distributions and other
properties of the agent-level type process a; = {a?, ozll, ...}, as well the cross-sectional type

distribution process p = {p°,p!,...}.



In Section [d] we show that the cross-sectional distribution p™ of agent types in period n

is almost-surely deterministic. We also demonstrate that, almost surely:

1.

p" =T (p" 1), where I' : A — A is explicitly computedm

. For A-almost every agent i, the agent’s type process a; = {a}, a?, ...} is a Markov chain

with the probability transition function I'. That is, letting w]* € A denote the probability

distribution of a?, we have w!™ = T'(w}).

. The agent-level type processes {«; : i € I} are essentially pairwise independent.

From the exact law of large numbers and the above three results, it follows that the cross-
sectional type distribution p™ is the same as its expectation §"” with probability one. In
addition, if almost every agent i has the same initial type probability distribution Y,
then w] = p" for almost every agent i. That is, we can always arrange for the probability
distribution of each agent’s type to coincide with the cross-sectional distribution of types.

(In Section [4) we state this equivalence at the level of distributions on sample paths in

5

. There exists a stationary distribution p*, defined by p* = I'(p*). Thus, if p* is the initial

probability distribution of a? for almost every agent i, then for almost every agent ¢, in
every time period n, the type o' of agent ¢ has a probability distribution w;* = p* equal

to the cross-sectional type distribution p™ = p*.

Theorem 2] provides additional characterization of the close relationship in this Markovian

setting between agent-level type probability distributions and cross-sectional type distributions.

We later generalize to allow for enduring matchings, by which a pair of agents, once matched,

may stay paired for some duration whose probability distribution can depend on their respective

types, in a sense that we make precise.

3 Static Directed Random Matching

This section begins the statement of our results at a more complete level. We start with some

mathematical preliminaries. Then a static model of directed random matching is formally

given in Subsection where we present the exact law of large numbers, the existence of

independent directed random matching, and an illustrative application to a model of over-the-

counter financial markets.

1 Letting n-(p) = 1 — Zzesplqlr and pr(p) = Zlesplblk7 we have

T (p) = prn- (D)) + Y Pr(P)are(P(p))va(r).
k,lesS



3.1 Mathematical preliminaries

Let (92, F, P) be a probability space. The agent space is an atomless probability space (I,Z, \).

While a continuum of independent random variables, one for each of a large population
such as I, can be formalized as a mapping on I x €2, such a function can never be measurable
with respect to the completion of the usual product g-algebra 7 ® F, except in the trivial
case in which almost all of the random variables are constantsB As in |Sun| (2006)), we shall
therefore work with an extension of the usual product probability space that retains the crucial

Fubini property.

Definition 1 A probability space (I x Q,W, Q) extending the usual product space (I x Q,Z ®
F,AQP) is said to be a Fubini extension of this product space if, for any real-valued Q-integrable
function f on (I x Q,W),

(1) For A-almost all i € I, f; = f(i, - ) is integrable on (, F, P).
(2) For P-almost allw € Q, f, = f(-,w) is integrable on (I,Z,\).

(3) [10 1 dQ = [,(Jiy fi dP)dX = [o( [, f.d\) dP.

To reflect the fact that the probability space (I x QW,Q) has (I,Z,\) and (Q, F,P) as its
marginal spaces, as required by the Fubini property, it will be denoted by (I x Q,ZX F,AK P).

The Fubini extension could include a sufficiently rich collection of measurable sets to
allow applications of the exact law of large numbers that we shall need. An Z X F-measurable
function f will be called a “process,” each f; will be called a random variable of this process,
and each f, will be called a sample function of the process. As shown in Section 2 of [Sun
(2006), a sufficient condition for proving the exact law of large numbers is the condition of

essential pairwise independence. A formal definition is as followsH

12Gee, for example, Proposition 2.1 in |Sun (2006).

3Here we state the definition of essential pairwise independence using a complete separable metric space X
for the sake of generality; in particular, a finite space or an Euclidean space is a complete separable metric space.
Fix any ¢ € I. If the singleton set {¢} is measurable in Z, then it is clear that {¢} has measure zero (since (I,Z, )
is atomless). Note that a singleton set is not necessarily measurable in a general measurable space. However,
such measurability follows from the atomless property and the convention that a probability space is complete.
In particular, one can take, for each n > 1, a Z-measurable partition {A}}2, of I with A(A}) = 1/2" such
that A} = Ag,:lll UA’;,:rl for 1 < k < 2". For any n > 1, there is a unique k, such that ¢ € A} , which implies
that ¢ € (), Ar,,. Since [\, Az has measure zero and (I,Z, ) is complete, the singleton set {i} is in Z
with measure zero. If the pairwise independence condition holds for f, namely, for any i # j € I, f; and f; are
independent, then for each i € I, f; and f; are independent except for j in the A-null set {7}, which means that
f satisfies the condition of essential pairwise independence. The usual condition of mutual independence (any
finite collection of random variables are independent) is even stronger than pairwise independence.

10



Definition 2 (Essential pairwise independence) — An X F-measurable process f from I x §)
to a complete separable metric space X is said to be essentially pairwise independent if for

A-almost all © € I, the random variables f; and f; are independent for A\-almost all j € I.

3.2 Static directed random matching

We follow the notation in Subsection Let S = {1,2,..., K} be a finite space of agent types
and « : I — S be an Z-measurable type function, mapping individual agents to their types.
For any k in S, we let pr = A({i : a(i) = k}) denote the fraction of agents of type k. We can
view p = (pr)res as an element of the space A of probability measures on S. Because (I,Z,\)
has no atoms, for any type distribution p € A, one can find an Z-measurable type function
with distribution p.

A function ¢ : § x S — R, is a matching probability function for the type distribution
p if, for any k£ and [ in S,

Pr i =Prdks D Qer < 1. (4)
res

The matching probability gz; specifies the probability that an agent of type k is matched to an
agent of type [. Thus ny =1 — 3 ;¢ qu is the associated no-matching probability for an agent
of type k.

Definition 3 Let o, p, and q be given as above, and J a special type representing no-matching.

(i) A full matching ¢ is a one-to-one mapping from I onto I such that, for each i € I,
6(3) # 1 and $(6(0)) = i.

(ii) A (partial) matching ¢ is a mapping from I to I such that for some subset B of I, the
restriction Y|p of 1 to B is a full matching on B, and the restriction |p\p of ¢ to I\ B
is the identity mapping. This means that agent i in B is matched to another agent (i)

in B, whereas any agent i not in B is unmatched, in that (i) = .
(iii) A random matching m is a mapping from I x ) to I such that

(a) . is a matching for each w € Q.

. Jar(,w) i r(iw) #id
(®) 9liw) = {J if m(i,w) =i
is measurable from (I x QTR F, AKX P) to SU{J}.

(iv) A random matching 7 from I x Q to I is directed, with parameters (p,q) satisfying con-

dition , if for A-almost every agent i of type k, P(g; = J) = ni and P(g; =1) = qx.

11



(v) A random matching m is said to be independent if the associated type process g is essen-

tially pairwise independent.

For an agent i € I who is matched, the random variable g; = g(i, - ) is the type of her
matched partner. Part (iv) of the definition thus means that for A\-almost every agent ¢ of type
k, her probability of being matched with a type-I agent is qg;, while her no-matching probability
is ng.

The following result is a direct application of the exact law of large numbers. In par-
ticular, letting Iy, = {i € I : a(i) = k}, the result follows from Theorem 2.8 of Sun (2006)
(see Lemma [I| below) by working with the process g’* = g| 1, xq on the rescaled agent space I,

where g|1, xq is the restriction of g to Iy x €.

Proposition 1 Let m be an independent directed random matching with parameters (p,q).

Then, for P-almost every w € ), we have
(i) Forke S, \({iel:a(i)="Fk,g,0)=J}) = prn.
(ii) For any (k,1) € S x S, A{i: a(i) =k, g,(1) =1}) = prqx-

Let x be the probability measure on S x (S U{J}) defined by letting x(k, 1) = prqp for
any (k,l) € S x S and k(k,J) = pgni for k € S. Proposition [I| says that the cross-sectional
joint type distribution of («, g,,) is £ with probability one.

Now we state our main existence result for the static setting.

Theorem 1 For any type distribution p on S and any matching probability function q for p,
there exists a Fubini extension (I x Q,TRF, AK P) on which is defined a type function « and an
independent directed random matchinE m with parameters (p,q), which is measure preserving
in the sense that for each w € Q, A\(m;1(A)) = A(A) for any A € T.

The proof of Theorem (1| will be given in Subsection for the case of a Loeb measure
space of agents via the method of nonstandard analysiSE Since the unit interval and the class
of Lebesgue measurable sets with the Lebesgue measure provide the archetype for models of
economies with a continuum of agents, the next proposition (proved in Subsection shows
that one can take an extension of the classical Lebesgue unit interval as the agent space for the

construction of an independent directed random matching.

14 As shown in the last paragraph in the proof of Lemma one can take a subset I of I such that )\(I\f) =0,
and the random types {g:},.; as constructed there satisfy a stronger independence condition in the sense that
any finitely many random variables from that collection are mutually independent.

15 A simple treatment of nonstandard analysis is given in Appendix E We note that the proof of Theorem |1|is
substantially different from the corresponding existence result for the case of “undirected” search in [Duffie and
Sun/ (2007)); see the first paragraph of Subsection
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Proposition 2 For any type distribution p on S and any matching probability function q for
p, there exists a Fubini extension (I x Q,ZX F,AX P) such that:

1. The agent space (I,Z,\) is an extension of the Lebesgue unit interval (L, L, x).

2. There is defined on the Fubini extension a type function o and an independent directed

random matchmﬂ m with parameters (p,q).

The following example provides an illustrative application of Theorem [I]and Proposition

[ to a model of over-the-counter financial markets.

Example 1 In[Duffie, Malamud and Manso| (2014), the economy is populated by a continuum
of risk-neutral agents. There are M different types of agents that differ according to the quality
of their initial information, their preferences for the asset to be traded, and the likelihoods with
which they meet each of other types of agents for trade. The proportion of type-l agents is
my, where [ = 1,..., M. Any agent of type [ is randomly matched with some other agent
with probability A\; € [0,1). This counterparty is of type-r with probability ;.. In the present
context, we can take the matching probability ¢;. = Ak for any [ and r in S. Theorem
guarantees the existence of independent directed random matching with the given parameters
my, q;-. Proposition [1| implies that the total quantity of matches of agents of a given type [
with the agents of a given type r is almost surely my\k; = m, ANk (See page 7 of Dulffie,

Malamud and Manso (2014).)
4 Dynamic Directed Random Matching

In this section we show how to construct a dynamical system that incorporates the effects
of random mutation, directed random matching, and match-induced type changes with time-
dependent parameters. We first define such a dynamical system in Subsection [4.1 The key
condition of Markov conditional independence is formulated in Subsection Based on that
condition, we state in Subsection [4.3| an exact law of large numbers for such a dynamical
system. The section ends with the existence of Markov conditionally independent dynamic

directed random matching.

4.1 Definition of dynamic directed random matching

As in Section |3, we fix an atomless probability space (I,Z, \) representing the space of agents,
a sample probability space (2, F,P), and a Fubini extension (I x Q,Z X F A X P). Let

161n addition, there exists a sub-c-algebra Z' of Z and a Fubini extension (I x Q,7"X F,\X P) such that
I'®F C IKF and 7 is an independent directed random matching with parameters (p, q) on (I xQ,Z'XF, AKP),
which is measure preserving in the sense that for each w € Q, A(m,*(A4)) = M(A) for any A € Z'. See the
penultimate paragraph of the proof of Proposition [5|in Subsection
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S ={1,2,..., K} be a finite set of types and let J be a special type representing no-matching.
We shall define a discrete-time dynamical system Dy with the property that at each integer
time period n > 1, agents first experience a random mutation and then random matching with
directed probabilities. Finally, any pair of matched agents are randomly assigned new types
whose probabilities may depend on the pair of prior types of the two agents.

At period n > 1, each agent of type k € S first experiences a random mutation, becoming

an agent of type | with a given probability b}, with ) r. = 1. At the second step, every

res
agent conducts a directed search for counterparties. In particular, for each (k,l) € S x S, the
directed matching probability is determined by a function g}, on the space of type distributions
A, with the property that, for all k£ and [ in S, the function that maps the type distribution
p € A to prqj(p) is continuous and satisfies, for all p € A,
praiy(p) = praji(p) and Y gp.(p) < 1. (5)
res
The intention is that, if the population type distribution in the current period is p, then an
agent of type k is matched to some agent whose type is | with probability ¢p;(p). Thus,
nr(p) = 1= 1cq ¢4(p) is the associated probability of no match. When an agent of type k is
matched at time n to an agent of type [, the agent of type k becomes an agent of type r with
probability v7;(r), where > g v (r) = 1. The primitive model parameters are (b, q,v).
Let a® be the initial S-valued type process on the Fubini extension (I x Q,ZX F, \X P).
For each time period n > 1, the agents’ types after the random mutation step are given by a
process h" from (I x Q,ZKF, A\X P) to S. Then, a random matching is described by a function
7" from I x Q to I. The end-of-period types are given by a process o™ from (I x Q,ZXF, AX P)
to S. Thus the post-mutation type function h™ satisfies

P(h} =]}~ = k) = b (6)

For the directed random matching step, let ¢g" be an Z X F-measurable function defined by
9" (i,w) = A" (7" (i,w),w), with the property that for any type k € S, for A-almost every i and
P-almost every w € €,

P(git =1|hi = k,p") = qi(p" (w)), (7)
where p"(w) = A(h")~! is the post-mutation type distribution realized in state w. The end-of-

period agent type function o satisfies, for A-almost every agent i,
Ploj =rlhi =k, g = J) = 6(r) and P(aj' = r|hi = k,g;" = 1) = vp;(r), (8)

where 0 (r) is 1 if k = r and is zero otherwise. Thus, we have inductively defined the properties
required of a dynamical system Dy that incorporates the specified effects of random mutation,

directed random matching, and match-induced type changes with given parameters (b, g, v).
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4.2 Markov conditional independence (MCI)

We now add independence conditions on the dynamical system Dy, along the lines of those
in Duffie and Sun (2007}, [2012). The idea is that each of the just-described steps (mutation,
random matching, match-induced type changes) are conditionally independent across almost
all agents.

We say that the dynamical system Dy is Markov conditionally independent (MCTI) if, for
A-almost every ¢ and A-almost every j, for every period n > 1, and for all types k£ and [ in 5,

the following four properties apply:

Initial independence: a? and ag are independent.

e Markov and conditionally independent mutation:

P(hi =k, b} =1 a b al et = P(hE =kl P(hY

% [ J

=]}

Markov and conditionally independent random matching:

P(gf =k,gj =1]af,...,af " W af, . o TR = Pl = k| W) P(g} = 1| h]).

Markov and conditionally independent matched-agent type changes:

n __ n o __ 0 n—1n n. 0 a 1
Plai =k,af =l|ag,...,a " hi, g a5, ..., hY, g7)

J
= ( _k‘hwgz ( _”hjvgj)
4.3 The exact law of large numbers for MCI dynamical systems

We define a sequence I'" of mappings from A to A such that, for each p € A,

F;}(pr)K) :ﬁ?( ) Z pk qkl ))Vl?l(r)v
kleS
where p}(p) = > _;cgmibjj, for k € S.
The following theorem presents an exact law of large numbers for the agent type processes
at the end of each period, and gives a recursive calculation for the cross-sectional joint agent

type distribution p™ at the end of period n.

Theorem 2 A Markov conditionally independent dynamical system Dy with parameters (b, q,v),
for random mutation, directed random matching and match-induced type changes, satisfies the

following properties.
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(1)

(2)

(3)

(4)

(5)

(6)

(7)

4.4

For each time n > 1, let p"(w) = A(a*) ! be the realized cross-sectional type distribution

at the end of the period n. The expectation E(p™) is given by

E(p}) = THEP") = prof (") + Z PR (0" )i (1),
k€S

where py = > e g E(p]™ 1) -

For \-almost every agent i, the type process {af'}>2 o of agent i is a Markov chain with

transition matriz 2" at time n — 1 defined by

2 = (p")by + Z brrar; (0" vy ().
rjes
For A-almost every i and A-almost every j, the Markov chains {a]'}7% and {aff}72 are
independent|]
For P-almost every state w, the cross-sectional type process {als}22 is a Markov chain

with transition matriz 2™ at time n — 1.

n

w)_l, and the realized

For P-almost every state w, at each time periodn > 1, p™(w) = M«

cross-sectional type distribution after random mutation \(h")~! is p".

If there is some fized p° € A that is the probability distribution of the initial type a?
of agent i for \-almost every i, then the probability distribution ¢ = ° ® (®$L°_1z”) on
S is equal to the sample-path distribution of the Markov chain o; = {a'}52, for A-
almost every agent i. For P-almost every state w € §Q, ( is also the cross—sectwnal joint

distribution \a_' of the sample paths of agents’ realized type process.

Suppose that the parameters (b,q,v) are time independent. Then there ezists a type
distribution p* € A such that p* is a stationary distribution for any Markov conditionally
independent dynamical system Dy with parameters (b,q,v), in the sense that for every
period n > 0, the realized cross-sectional type distribution p™ at time n is p* P-almost
surely. all of the relevant Markov chains are time homogeneous with a constant transition
0

matriz z' having p* as a fized point. In addition, if the initial type process P is i.i.d.

across agents, then, for A-almost every agent i, P (a?)fl = p* for any period n > 0.

Existence of MCI dynamic directed random matching

The following theorem provides for the existence of a Markov conditionally independent (MCI)

dynamical system with random mutation, random matching, and match-induced type changes.

"Two Markov chains with a state space S are said to be independent if they are independent as random
variables taking values in S°°.

16



Theorem 3 For any primitive model parameters (b, q,v) and for any type distribution p° € A,
there exists a Fubini extension (I x Q,ZX F, AKX P) on which is defined a dynamical system
Dy with random mutation, random matching, match-induced type changes, that is Markov con-
ditionally independent with these parameters (b, q,v), and with the initial cross-sectional type
distribution p° that is p° with probability one. In addition, for any n > 1, ©™ is measure pre-
serving in the sense that for each w € Q, A\((7")71(A)) = A(A) for any A € Z. These properties

can be achieved with an initial type process o that is deterministic, or i.i.d. across agents@

With the next proposition, we show that the agent space (I,Z,\) can be an extension
of the classical Lebesgue unit interval (L, L, x). That is, we can take I = L = [0, 1] with a
o-algebra Z that contains the Lebesgue o-algebra £, and so that the restriction of A to L is

the Lebesgue measure y.

Proposition 3 Fizing any model parameters (b,q,v) and any initial cross-sectional type dis-

tribution p° € A, there exists a Fubini extension (I x Q,TX F,\X P) such that:

(1) The agent space (I,Z,\) is an extension of the Lebesgque unit interval (L, L, x).

(2) There is defined on the Fubini extension a dynamical system Dy that is Markov condi-
tionally independent with the parameters (b,q,v), where the initial cross-sectional type

distribution p° is p° with probability one.

3) These properties can be achieved with an initial type process o that is deterministic, or
prop ype p

1.4.d. across agents@
5 Discussion

We finish with a discussion of the prior literature on the mathematics of random matching,
and then offer some concluding comments about our main new results and some immediately
available extensions of our results to more general type spaces, changing population sizes, or
background “macro-economic” processes that cause random changes in the evolution of the
cross-sectional type distributions.

As mentioned in Section [2] when agents conduct searches without explicit coordination,

it is reasonable to impose the assumption of independence of their searches. However, Footnote

0 is essentially pairwise independent, and o has distribution ° for A-almost

8This means that the process o
all i € I.

9Tn addition, there exists a sub-c-algebra Z' of T and a Fubini extension (I x Q,7" X F, A\ X P) such that
T'XRF C ITX F, the dynamical system Do on (I x ,Z' X F, XX P) is Markov conditionally independent, and
for any n > 1, 7" is measure preserving in the sense that for each w € Q, A((71) "' (A4)) = A(A) for any A € T'.

See the penultimate paragraph of the proof of Proposition |§| in Subsection @
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4 of McLennan and Sonnenschein| (1991)) showed the non-existence of a type-free static random

full matching that satisfies a number of desired conditions, when the agent space is taken
to be the unit interval with the Borel o-algebra and Lebesgue measure. That problem was
resolved through the construction of an independent type-free static random full matching
with a suitable agent space, as in Duffie and Sun| 42007[)@ Xiang Sun| (2016) extended the

results on independent static random partial matching in|Duffie and Sun/ (2007) from finite type

spaces to general type spaces. Duffie and Sun| (2007) and Duffie and Sun (2012) go beyond the

static case to present the existence of, and the exact law of large numbers for, discrete-time
independent random matching.

When the independence assumption for random matching is not required, one can con-
struct many non-independent random full matchings with some desired matching properties,
even for finitely many agents@

Based on the classical asymptotic law of large numbers, constructed a
random full matching for a countable population. |Gilboa and Matsui| (1992)) presented a par-

ticular matching model of two countable populations with a countable number of encounters in
the time interval [0, 1), where both the agent space N and the sample space are endowed with

purely finitely additive measures. A non-independent random full matching was constructed in

\Alés-Ferrer| (1999) for a given type function on the population space [0, 1] by rearranging the

intervals in [0, 1] through measure-preserving mappings. Rather than relying on particular ex-

amples of a non-independent random matching that have certain desired matching properties,

Duffie and Sun| (2012) instead proved the exact law of large numbers for general independent

random matchings.
An independent random matching automatically involves a process with a continuum of

independent random variables. The classical Kolmogrov consistency theorem (see, for example,

Bogachev]| (2007, p. 95)) implies the existence of a continuum of independent real-valued random
variables. Following (1937), some measure extension leads to the fact that almost all

sample functions differ from an arbitrarily given function h (whether measurable or not) at

only countably many points@ This implies that one can claim that the sample functions

(and thus the sample means and distributions) are essentially arbitraryF_El Though it is not

20See the main theorem of [Podczeck and Puzzello| (2012) for another construction. It is clear that an indepen-
dent type-free static random full matching also provides a model of independent static random full matching for
general types; see [Duffie and Sun| (2012) and [Podczeck and Puzzello| (2012).

21See Subsection 3.2 of [Molzon and Puzzello (2010)). However, the requirement that all the agents are matched
randomly then leads to correlation among the finitely many agents. It therefore does not make sense to consider
independent random matching in the finite-agent setting. For a detailed discussion of the literature on “non-
independent” random matching, see Section 6 of Duffie and Sun| (2012).

223ee Subsection 6.1 in 1) for the detailed discussion.

Z3That is, the sample means and distributions of an i.i.d. process can be essentially equal to the theoretical
means and distribution, respectively, or any other arbitrarily given means and distribution. See
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possible to require an i.7.d. process to have essentially constant sample means and distributions
at the coalitional level for an agent space based on the Lebesgue unit intervalﬁ one can
simply use the transfer principlﬂ in nonstandard analysis to restate the classical law of large
numbers for a sequence of i.i.d. random variables in a nonstandard model, and thus claim the
existence of a process with the required properties@ The essential difficulty associated with a
continuum of independent random variables is that independence and joint measurability with
respect to the usual measure-theoretic product are never compatible with each other except
for the trivial case in which almost all of the random variables are constantsm In |Sun| (2006),
various versions of the exact law of large numbers, and their converses in both static and
dynamic settings, are proved by direct application of simple measure-theoretic methods in the
framework of a Fubini extension. Such a framework is adopted in this paper (1) to construct
static and dynamic models of independent directed random matching that incorporate the
effects of random mutation, random matching with match-induced type changes, and with the
potential for enduring partnerships that may have randomly timed break-ups, and (2) to study
various properties of a general independent directed random matching via the exact law of
large numbers |

All of the papers on random matching mentioned above address the case of “undirected”
search, in the sense that the matching probabilities are proportional to the population sizes of
the matched agents with given types. The main purpose of this paper is to provide a suitable
search-based model of markets in which agents can direct their searches, causing relatively
higher per-capita matching probabilities with specific types of counterparties. Although mod-

els with directed search are common in the literatures covering money, labor markets, and

and |Sun| (2006, p. 53).

24See [Feldman and Gilles| (1985).

25See Proposition E] in Subsection [D.2}

268ee, for example, [Hersh and Greenwood| (1975)), [Keisler| (1977), [Hurd and Loeb| (1985)), [Anderson| (1991)),
and Footnote [46] below for the transfer of a sequence of 4.i.d. random variables and relevant results. [Green
(1994)) also provided an alternative construction for the existence of such a process with the required property.
Note that the agent space as considered in those papers are not the Lebesgue type space while the relevant
sample probability space is countably additive. On the other hand, one can still claim the existence of an 4.i.d.
process to have any kind of sample means/distributions at the coalitional level based on the usual Lebesgue
agent space and some purely finitely additive sample probability space; see Berti, Gori and Rigo| (2012). Given
the various possibilities in claiming the stability of sample functions in specific examples, what one needs is to
find a suitable measure-theoretic condition to guarantee aggregate sample stability under independence.

#7See Proposition 2.1 in [Sun| (2006).

28Dynamic independent random matching, as considered in this paper, needs a specific construction based on
the framework of a Fubini extension, which allows us to apply the static and dynamic versions of exact law of
large numbers shown in such a general framework in [Sun| (2006)). However, this construction does not fit any
earlier examples on the existence of an i.i.d. process having essentially constant sample means/distributions.
In particular, the condition of *-independence (see Hurd and Loeb| (1985) and Footnote [46| below) holds for the
transfer of an 4.i.d. sequence of random variables to the nonstandard model. As noted in Footnote 19 of [Duffie
and Sun| (2007)), *-independence, which is much stronger than the usual independence condition, is not satisfied
even in the simple setting of static random full matching.
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over-the-counter financial markets, prior work has simply assumed that the exact law of large
numbers would lead to a deterministic cross-sectional distribution of agent types, and that this
distribution would obey certain properties. We provide a model that justifies this assumed
behavior, down to the basic level of random contacts between specific individual agents. We
provide the resulting transition distribution for the Markov processes for individual agents’
types, and for the aggregate cross-sectional distribution of types in the population, and show
the close relationship between these two objects.

By incorporating directed search, we are also able to provide the first rigorous proba-
bilistic foundation for the notion of a “matching function” that is heavily used in the search
literature of labor economics.

A secondary objective of our paper is to allow for random matching with enduring
partnerships. The durations of these partnerships can be random or deterministic, and can
be type dependent. Earlier work providing mathematical foundations for random matching
presumes that partnerships break up immediately after matching. Enduring partnerships are
crucial for search-based labor-market models, such as those cited in Footnote [f] in which there
are episodes of employment resulting from a match between a worker and a firm, eventually
followed by a randomly timed separation@ In some of these models, separation is 4.7.d. across
periods of employment. This is the case, for example, in |(Cho and Matsui (2013), Merz (1999),
Pissarides| (1985)), Shi and Wen (1999), [Shimer| (2005), and |Yashiv| (2000)), among many other
papers. In other cases, the separation probability depends on the vintage of the match, and
can depend on the quality of the match between the worker and the firm. Since the separation
probabilities in our general model depend on the types of the matched agents, our results can
cover such cases by introducing new types.

We have verified that our results can be extended under mild revisions of the proofs
to settings in which agents have countably many types, and can enter and exit (for example,
through “birth” and “death”), allowing for a total population size that is changing over time
without a fixed bound, as in|Yashiv (2000)@ It is also straightforward to allow for a background
Markov process that governs the parameters determining probabilities for mutation, matching,
and type change (as well as enduring match break-ups). In this case, the background Markov
state causes aggregate uncertainty, but conditional on the path of the background state, the

cross-sectional distribution of population types evolves deterministically, almost surely.

Further such situations arise in the models of [Cho and Matsuil (2013), [Flinn| (2006), [Haan, Ramey and
Watson| (2000)), [Hall| (2005), [Hosios| (1990)), [Merz| (1995), [Merz (1999), Mortensen| (1982), [Pissarides| (1985)),
Shimer| (2005), [Shi and Wen| (1999), and [Yashiv| (2000)).

SU0ur results cover cases in which there is a fixed bound for the total population size in all time periods. In
such cases, one can simply introduce a new type to represent the inactive agents and re-scale the total population
size.
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Appendices

The following appendices allow matches that result in enduring partnerships, offer some
illustrative examples of applications of our main results to models from the literature on mon-
etary and labor economics, provide a brief introduction to nonstandard analysis, and present

proofs of the results.

A Dynamic Directed Random Matching with Enduring Partnerships

This appendix extends the model of dynamic directed random matching found in Section {4 so
as to allow for enduring partnerships and for correlated type changes of matched agents. Unlike
the more basic model of Section 4] in order to capture the effect of enduring partnerships we
now must consider separate treatments of existing matched pairs of agents and newly formed
matched pairs of agents.

We first define such a dynamical system in Subsection The key condition of Markov
conditional independence is formulated in Subsection Based on that condition, Subsection
presents an exact law of large numbers for such a dynamical system. Subsection
provides results covering the existence of Markov conditionally independent dynamical system
with directed random matching and with partnerships that have randomly timed breakups.
We will show that all of our results can be obtained for an agent space that is a Loeb measure
space as constructed in nonstandard analysis, or is an extension of the classical Lebesgue unit
interval. This section has self-contained notation. In particular, some of the notation used in
this section may have a meaning that differs from its usage in Section

The exact law of large numbers and stationarity for independent dynamic directed ran-
dom matching, as stated in Theorem [2|in Section [4] is a special case of Theorem |4 and Proposi-
tion [4]in Subsection The existence of independent dynamic directed random matching, as
stated in Theorem [5 and Proposition 5| in Subsection extend respectively Theorem [3] and
Proposition [3]in Section [l Hence, the proofs of Theorems and Proposition [3] are omitted.
The proofs of Theorem [4] and Proposition [4] do not use nonstandard analysis, and are given in
Appendix [C] The proofs of Theorem [5] and Proposition [ need nonstandard analysis, and are
presented in Subsections and respectively, after a brief introduction to nonstandard
analysis in Appendix

A.1 Definition of dynamic directed random matching with enduring partnerships

As in Sections [3{ and 4} we fix an atomless probability space (I,Z, \) representing the space of
agents, a sample probability space (€2, F, P), and a Fubini extension (I x Q,ZX F,A\K P). Let
S ={1,2,..., K} be a finite set of types and let J be a special type representing no-matching.
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The “extended type” space is § = S (SU{J}). An agent with an extended type of the form
(k,1) has underlying type k € S and is currently matched to another agent of type [ € S. If the
agent’s extended type is instead of the form (k, J), then the type-k agent is “unmatched.” The
space A of extended type distributions is the set of probability distributions p on S satisfying
p(k,1) = p(l, k) for all k and [ in S.

Each time period is divided into three steps: mutation, random matching, match-induced
type changing with break-up. We now introduce the primitive parameters governing each of
these steps.

At the first (mutation) step of time period n > 1, each agent of type k € S experiences
a random mutation, becoming an agent of type [ with a given probability b}, a parameter of
the model. By definition, for each type k& we must have },_¢ b7, = 1.

At the second step, any currently unmatched agent conducts a directed search for coun-
terparties. For each (k,1) € S x S, let ¢}, be a function on A into R, with the property that
for all k£ and [ in S, the function p, ;q;;(p) is continuous in p € A and satisfies, for any p in A,

Pry G (P) = Py qi(0) and Y qi(p) < 1. 9)
res
Whenever the underlying extended type distribution is p, the probabilitylﬂ that an unmatched
agent of type k is matched to an unmatched agent of type I is ¢;(p). Thus, ni(p) = 1 —
Y ies qm(P) is the no-matching probability for an unmatched agent of type k.

At the third step, each currently matched pair of agents of respective types k and [
(including those who have just been paired at the matching step) breaks up with probability
07, where

k= O (10)

If a matched pair of agents of respective types k and [ stays in their partnership, they become

a pair of agents of types r and s, respectively, with a specified probability o}, (r, s), where

> ofu(r,s) =1 and ojy(r, 5) = oy (s,7) (11)
r,s€ES

311t ¢ be any continuous function from A to itself. Assume that: (1) for any k,l € S, vr(p) > pri; (2)
for any p € A, ¢(p) and p have the same marginal measure on S, that is, for any k € S, ZTGSU{J} prr(p) =

ZT€SU{J} Prr. If P in A is the underlying extended type distribution for the agents, then ¢(p) represents the
extended type distribution after matching. For any k,l € S, let qui(p) = (wri (D) — Prt) /Pry if Py > 0 and
gri(p) = 0 if p,; = 0. Then, the function g satisfies the continuity condition as well as Equation @, as required
for a matching probability function. In fact, any matching probability function can be obtained in this way.
For the special case that all of the matched agents break up at the end of each period, we need only consider
continuous functions from A to A. Let ¢ be any such continuous function with the property that for any p € A,
»(p) has the marginal measure p on S. That is, for any k € S, ZZESU{J} wri(p) = pg. For any k,l € S, let
qri(p) = dri(p)/pr if P, > 0 and gri(p) = 0 if p,, = 0. Then, the function ¢ satisfies the continuity condition as
well as Equation , as required for a matching probability function. Again, any matching probability function
for this particular setting can be obtained in this way.
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for any k,l,r,s € S. The second identity is merely a labeling symmetry condition. If a matched
pair of agents of respective types k and [ breaks up, the agent of type k becomes an agent of

type  with probability ¢;(r), where

> chi(r) =1 (12)

res

We now give an inductive definition of the properties defining a dynamical system D for
the behavior of a continuum population of agents experiencing, at each time period: random
mutations, matchings, and match-induced type changes with break-up. We later state condi-
tions under which such a system exists. The state of the dynamical system D at the end of

each integer period n > 0 is defined by a pair II" = (a”, ™) consisting of:

e An agent type function " : I x Q — S that is Z X F-measurable. The corresponding
end-of-period type of agent i is " (i,w) € S.

e A random matching 7™ : I x Q — I, describing the end-of-period agent 7" (i) to whom
agent ¢ is currently matched, if agent ¢ is currently matched. If agent ¢ is not matched,
then 7™(i) = i. The associated partner-type function ¢” : I x Q — S U {J} provides the
type

) = {anw@) i7" (i) # i
J if 7"(i) =1
of the agent to whom agent ¢ is matched, if agent i is matched, and otherwise specifies

g"(i) = J. As a matter of definition, we require that ¢" is Z X F-measurable.

We take the initial condition TI° = (a?, 7%) of D as given. The initial condition may, if
desired, be deterministic (constant across 2). The joint cross-sectional extended type distribu-
tion p” at the end of period n is A(8™)~!, where 8" = (a”, g") is the extended type process.
That is, when w € € is a sample realization, p(k,[) is the fraction of the population at the
end of period n that has type k£ and is matched to an agent of type . Likewise, pl(k, J) is the
fraction of the population that is of type k and is not matched.

For the purpose of the inductive definition of the dynamical system D, we suppose that

"1 = (a1, 77"~ !) has been defined for some n > 1, and define II" = (", ") as follows.

Mutation. The post-mutation type function @™ is Z X F-measurable, and satisfies, for any

k1, k2,11, and Iy in S, for any r € S U {J}, and for A\-almost-every agent i,

Pa = ko, gt =l |l = ki, g =11) = b} b, (13)
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P(aj = ko, g =] oz?_l =k, g =J) = bk, 00 (7)), (14)

1

where d7(r) is one if r = J, and zero otherwise. Equation (13) means that a paired agent

and her partner mutate independently. The post-mutation partner-type function g” is defined

nfl(

by §"(i,w) = a" (7" " (i,w),w), for any w € Q. We assume that §" is Z K F-measurable.

The post-mutation extended-type function is 5" = (@™, g"). The post-mutation extended type
distribution that is realized in state w € Q is p™(w) = A (ﬂ_g)*l

Matching. Let 7" :1 x Q) — I be a random matching with the following properties.

(i) For each state w € €, let AY = {i : 7" 1(i,w) # i} be the set of agents who are matched.
We have
7 (i) = 7" 1(i) for i € A¥, (15)

meaning that those agents who were already matched at the end of period n — 1 remain
matched (to the same partner) at this step, which implies that the post-matching partner-
type function ¢", defined by

satisfies

P(gi =rlai =k,gi' =1) = a(r), (16)
for any k and [ in S and any r € SU{J}, where 6.(d) is zero if ¢ # d and is one if ¢ = d.

(ii) g™ is Z X F-measurable.

(iii) Given the post-mutation extended type distribution p", an unmatched agent of type k is
matched to a unmatched agent of type [ with conditional probability ¢f,(p"), in that, for

A-almost every agent ¢ and P-almost every w,
P(gi =llai =k, g = J,p") = ¢ (p"(w)), (17)
which also implies that
P(gi = Jlai =k, gi = J,p") = np(p"(w)). (18)
The extended type of agent ¢ after the random matching step is Ef = (af, gl).

Type changes of matched agents with break-up. This step determines an end-of-period

random matching 7", an Z X F-measurable agent type function o™, and an Z X F-measurable
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partner-type function g" so that we have ¢"(i,w) = o™ (7" (i,w),w) for all (i,w) € I x Q, and

so that, for A-almost every agent i and for any k1, ke,l1,lo € S and r € SU{J},

SR M

Plai =l g =r|ai =k, = J) = 6k, (I1) 6.5 (r) (20)
Plai =li,g7 =l af = k1,9 = ko) = (1 = O} 1, )05 1, (11, 12) (21)
P(aj =11,97 = J|&f = k1,9;" = k2) = 0 1, Sk, ke, (11)- (22)

Equation says that agent 7 cannot change her partner if she remains matched. Equation
mean that unmatched agents stay unmatched without changing types. Equations and
specify the type changing probabilities for a pair of matched agents who stay together or
break up. The extended-type function at the end of the period is 8™ = (a”, g").

Thus, we have inductively defined the properties of a dynamical system D = (II")°
incorporating the effects of random mutation, directed random matching, and match-induced
type changes with break-up, consistent with given parameters (b, ¢, 0, o, ). The initial condition
I1° of D is unrestricted. We next turn to the key Markovian independence properties for such a
system, and then to the exact law of large numbers and existence of a dynamical system with

these properties.

A.2 Markov conditional independence

We now add independence conditions on the dynamical system D = (II")22 .

of those in Duffie and Sun| (2007, 2012)), and Section The idea is that each of the just-

described steps (mutation, random matching, and match-induced type changes with break-up)

along the lines

are conditionally independent across almost all agents. In the following definition, we will
refer to objects, such as the intermediate-step extended type functions " and E”, that were
constructed in the previous subsection.

We say that the dynamical system D is Markov conditionally independent (MCI) if, for
A-almost every ¢ and A-almost every j, for every period n > 1, and for all ki, ks € S, and

l1,l2 € SU{J}, the following five properties apply:

e Initial independence: 3Y and B? are independent.
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e Markov and independent mutation:

P (B = (k1, 1), B} = (ka,12) | (BD?=y, (BDI=Y)
=P (B = (ky,1a) | A7) P (B} = (haulo) | 8771 (23)

e Markov and independent random matching:

P <5z'n = (k‘l,ll)ﬁf = (ka,l2) | B B7. (8D, (5;)?2&)
=P (B = (k) | B7) P (B} = (haste) | B). (24)

e Markov and independent matched-agent type changes with break-up:

P (8 = (ki 1), B = (ke o) | BBy (B0 (8155
= P (87 = (k1. 1) | B7) P (8} = (ka, 12) | B}) (25)

A.3 The exact law of large numbers for MCI dynamical systems with enduring
partnerships

For each period n > 1, we define a mapping I'” from Ato A by

Zl(f)) = Z ﬁgﬂl(l - eglll)o-glll (k7l) + Z ﬁ/ﬂJ ql:‘L1l1 (ﬁn)(]‘ - eglll)o-/?lll(k7l)
(kl,ll)ESQ (k‘1,l1)€52
n (a _ = n(= ~7 n n ~n, n ~n\on n
k(D) = Dy (D) + Z Pryty 00, Sk, (B) + Z Pryg Dy, (0™) 0111, Sty (),
(kl,l1)€S2 (kl,l1)652

~n A n n ~n __ ~ 7
where py;, = Z(khh)egz Pty by, 0 and Py = >ies Prybi-

The following theorem, which extends Theorem [4.3] presents an exact law of large num-
bers for the joint agent-partner type processes at the end of each period. The result also
provides a recursive calculation of the cross-sectional joint agent-partner type distribution p™

at the end of period n.

Theorem 4 Let D be a dynamical system with random mutation, random matching, and
match-induced type changes with break-up whose parameters are (b,q,0,0,s). If D is Markov

conditionally independent, then:

(1) For each time period n > 1, the expected cross-sectional extended type distributions

p" = E(p") after the mutation step and E(p™) at the end of the period are given by,
respectively, E(p},) = Zkhlles]E(]ﬁZ:lll)bzlkbﬁl and E(p7;) = > ,cs BB} )0, and by
E(p") = T™(E(p" 1))
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(2) For A-almost every agent i, the extended-type process {B'}o, is a Markov chain in S

whose transition matriz 2™ at time n — 1 is given by

2enwsy = bk (D Z Oty Ty 1y (P")Oky1y Sty (K,
k1,l1,€8
Z?kl)(k/J) = Z bk, U1t le1§k1l1(k/)
k1,11 €S
n — bn n (~n)(1_9n ) n (k/ l/)
Ak (K1) kk1 Qkq 1, \P k1l )0k \F 5t ),
k1,11 €S
2Ry = Z Olgrey Ui, (1 = 03211, )0y, (K1), (26)
k1,01 €S

(3) For A-almost every i and \-almost every j, the Markov chains {B]'}22, and {[3” o are

independent.

(4) For P-almost every w € Q, the cross-sectional extended-type process {S}5° is a Markov

chairP? with transition matriz 2" at time n — 1.

(5) For P-almost all w € , at each time period n > 1, the realized cross-sectional extended
type distribution after random mutation )\(53)*1 1s equal to its expectation p", and the
realized cross-sectional extended type distribution at the end of period n, p™(w) = A\(B%)~!

is equal to its expectation E(p™).

(6) If there is some fized j° € A that is the probability distribution of the initial extended
type B? of agent i for A-almost every i, then for A-almost every i the Markov chain

= {BP}°, has the sample-path probability distribution & = p° ® (®,2") on the

space S®. Moreover, in this case, ¢ = XBo)™! for P-almost every w. That is, for any
measurable rectangle A = T[>° A, C oo of sample paths, the probability £(A) is equal,
for P-almost every w € §, to the fraction A\({i : B,(i) € A}) of agents whose extended

type process has a sample path in A in sample realization w.

For the time-independent case, in which the parameters (b,q,6,0,<) do not depend on
the time period n > 1, the following proposition shows the existence of a stationary extended

type distribution.

Proposition 4 Suppose that the parameters (b,q,0,0,<) are time independent. Then there
exists an extended-type distribution p* € A that is a stationary distribution for any MCI dy-

namical system D with parameters (b, q,0,0,s), in the sense that:

32For a given sample realization w € Q, {Br}5% is defined on the agent space (I,Z, \), which is a probability
space itself. Thus, {85 }52 can be viewed as a discrete-time process.
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1) For everyn > 0, the realized cross-sectional extended-type distribution p™ at time n is p*
Y yp p p

P-almost surely;

(2) All of the relevant Markov chains in Theorem 4| are time homogeneous with a constant

transition matriz z' having p* as a fized point;

(3) If the initial extended type process B° is i.i.d. across agents, then, for A\-almost every i,

the extended type distribution of agent i at any period n > 0 is P (ﬁi")_1 = p*.

A.4 Existence of MCI dynamic directed random matching with enduring part-
nerships

The following theorem provides for the existence of a Markov conditionally independent (MCI)
dynamical system with random mutation, random matching, and match-induced type changes

with break-up. Theorem |3|is a special case.

Theorem 5 For any primitive model parameters (b, q,0,0,<) and for any extended type dis-
tribution p° € A, there exists a Fubini extension (I x Q,Z X F,AX P) on which is defined a
dynamical system D = (II")>° , with random mutation, random matching, and match-induced
type changes with break-up, that is Markov conditionally independent with these parameters
(b,q,0,0,5), and with the initial cross-sectional extended type distribution p° being p° with
probability one. In addition, for anyn > 1, #" and ™ are measure preserving in the sense that
for each w € Q, \(77)71(A)) = A(7")"1(A)) = A(A) for any A € I. These properties can
be achieved with an initial condition TI° that is deterministic, or alternatively with an initial

extended type process 0 that is i.i.d. across agentsﬂ

In the next proposition, we show that the agent space (I,Z,A) in Theorem [5{ can be an
extension of the classical Lebesgue unit interval (L, £, x). That is, we can take I = L = [0, 1]
with a o-algebra Z that contains the Lebesgue o-algebra £, and so that the restriction of A to

L is the Lebesgue measure Y.

Proposition 5 Fizing any model parameters (b,q,0,0,5) and any initial cross-sectional ex-
tended type distribution p° € A, there exists a Fubini extension (I x QIR F,ANX P) such
that:

(1) The agent space (I,Z,\) is an extension of the Lebesgue unit interval (L, L, ).

33This means that the process 3° is essentially pairwise independent, and that 82 has distribution $° for
A-almost every agent 3.
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(2) There is defined on the Fubini extension a dynamical system D = (II")0°, that is Markov
conditionally independent with the parameters (b, q, 0, 0,<), where the initial cross-sectional

extended type distribution p° is p° with probability one.

(3) These properties can be achieved with an initial condition II° that is deterministic, or

alternatively with an initial extended type process 0 that is i.i.d. across agentslfl

B Illustrative applications in monetary and labor economics

This appendix provides three example applications, which are designed to illustrate how our

results provide a mathematical foundation for the dynamic matching models used in monetary

economics and labor economics. The first example is from Kiyotaki and Wright| (1989) and

Kehoe, Kiyotaki and Wright| (1993). The second example is from Matsuyama, Kiyotaki and|

(1993). The last example treats the labor-market matching model of Andolfatto
(1996)), a setting that calls for enduring matches of the sort considered in Appendix

Al

B.1 Kiyotaki-Wright: Model A

As in Model A of [Kiyotaki and Wright| (1989)), three indivisible goods are labeled 1, 2, and

3. There is a continuum of agents of unit total mass. A given type of agent consumes good

k and can store one unit of good I, for some | # k. This type is denoted (k,l). The economy
is thus populated by agents of 6 distinct types (1,2), (1,3),(2,1),(2,3), (3,1), and (3,2), which

form our type spacelﬁ S. In order to avoid confusion over differences in terminology@ with

KKiyotaki and Wright| (1989), we say that an agent who consumes good k has “trait” k. There

are equal proportions of agents with the three respective traits. In each period n, every agent
is randomly matched with some other agent. When matched, two agents decide whether or
not to trade. If there is no trade between the matched pair, they keep their goods. If there is
a trade, and if the agent who consumes good k gets good k from the other, then that agent
immediately consumes good k and produces one unit of good k+ 1 (modulo 3), so that his type
becomes (k, k+1) (modulo 3, as needed). If there is a trade and an agent with trait k£ gets good
[ for [ # E, then his type becomes (k,[). Kiyotaki and Wright| (1989) and [Kehoe, Kiyotaki and|

31The statement in Footnote [19]is still valid in this more general case. For the convenience of the reader, we
repeat it here. There exists a sub-o-algebra Z’ of Z and a Fubini extension (I x Q,7’' X F, A X P) such that
T'®F C IKF, the dynamical system D on (I x 2, Z'XF, AX P) is Markov conditionally independent, and for any’
n > 1, 7" and " are measure preserving in the sense that for each w € Q, A((zm2) 1 (A4)) = A(77) "' (A)) = A\(A)
for any A € Z'. See the penultimate paragraph of the proof of this proposition in Subsection [E.3

°°It is clear that our results, which are stated earlier in terms of S = {1,2,..., K}, hold for any finite type
space with appropriate notational change.

**In [Kiyotaki and Wright| (1989), the meaning of “type” is different from that in our present paper.
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Wright| (1993) consider this matching model with both stationary and non-stationary trading
strategies.

We can use our model of dynamic directed random matching in Section[d]to give a mathe-
matical foundation for the matching models in Kiyotaki and Wright| (1989) and |Kehoe, Kiyotaki
and Wright| (1993) by choosing suitable parameters (b, q,v) governing random mutation, ran-
dom matching and match-induced type changing. At period n, let b?k17ll><k27l2> = g, (k2)dy, (I2)
be the mutation probabilities, and let q?k17l1> (k2,12>(p) = D(ko,ls) De the matching probabilities
for p € A. We will need to specify the match-induced type changing probabilities in both cases.

First, a stationary (pure) trading strategy in Kiyotaki and Wright| (1989, p. 931) is
described by some 7 : {1,2,3} x {1,2,3} — {0,1} that implies a trade, 7({,r) = 1, if a trait-k
agent actually wants to trade good [ for good 7, and results in no trade, 74 (I, ) = 0, otherwise.
Thus 7 determines the match-induced type changes. Because the consumption traits of agents
do not change, the type of a matched agent cannot change to a type with a different trait.
Thus, for the type-changing probability ™ of an agent with trait ki, the probability for the
target types is concentrated on only two types, (ki,k; + 1) and (k1, k1 + 2). This means that
it suffices to define the type-changing probability for only the target type (k1,k; +1). Suppose
that an agent i of type (k1, k1 + 1) is matched with an agent j of type (ka,l2). For Iy = k; + 1,
there is no need to trade. When ls = k; and there is a trade, agent ¢ will consume good k1,
produces a unit of good k; + 1, and keeps the same type (ki, k1 +1). (This applies trivially for
the no-trade case.) When ly = k; + 2, the probability vy, 41y (ksi) ({(k1, k1 + 1) }) that agent
7 has a type change is the probability of no trade between agents i and j. The probability of
having a trade between agents ¢ and j is 7%, (k1 + 1, l2) 7k, (l2, k1 + 1). We therefore have

1 1fl27£k‘1—|—2

Ik ki,ki+1)}) =
Vlky 1) ko b (LT, B+ 1)) {1 — Ty (k1 4+ 1, lo) 1y (I2, k1 + 1) if lo = k1 + 2.

By similar arguments,

0 iflo =k +2
0 ki,ki+1)}) =
Vi Jor+2) (ko 1) ({1, K1 4+ 1) }) {Tkzl(k'l‘|’2,l2)7'k;2(l2,k31+2) iy b2,

Next, we consider the case of non-stationary trading strategies, as in Sections 3 and 6
of Kehoe, Kiyotaki and Wright| (1993). Suppose that (s1(n),s2(n), s3(n)) is a time-dependent
mixed strategy at period n, where si(n) is the probability that an agent with trait & trades
good k+1 for k+2. Based on (s1(n), s2(n), s3(n)), one can compute the probability PZILcl,k2>(k3)
that an agent of type (ki, ka) trades for good k3.

We must define the match-induced type changing probabilities corresponding to the given
time-dependent mixed strategy (si(n), sa(n), s3(n)). Suppose that an agent of type (ki, k1 + 1)
is matched with an agent of type (ko,l2). For cases with ls = k; or Iy = k1 + 1, the type
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changing probability vjg . 6. l2>({<k1, k1+1)}) = 1. When ly = ki + 2, the probability that

the match leads to a trade is P&17k1+1>(lg)P&27l2>(k1 +1). Thus

lfl27ék1—|-2
1- P}

1
v ki,ki+1 = .
(k1,k1+1><k2,l2>({< 1l >}) { <k1,k1+1>(l2)P8€2,12)(k1 + 1) if lo = k1 + 2.

Similarly,

iflo =k +2
pn

" ({{k1, k1 +1)}) "
v , = .
thrk2) iz 2) v <k1,k1+2)<l2)P(7;€2,12>(k1 + 2) it ly # k1 + 2.

B.2 Matsuyama, Kiyotaki and Matsui

Our next example is from Matsuyama, Kiyotaki and Matsui (1993). Here, agents are divided
into two groups. Agents are more likely to be matched to a counterparty of their own group
than to a counterparty of a different group.

The economy is populated by a continuum of infinitely-lived agents of unit total mass.
Agents are from two regions, Home and Foreign. Let r € (0,1) be the size of the Home
population. There are K > 3 kinds of indivisible commodities. Within each region, there are
equal proportions of agents with the K respective traits. An agent with trait k derives utility
only from consumption of commodity k. After he consumes commodity &, he is able to produce
one and only one unit of commodity k£ + 1 (mod K) costlessly, and can also store up to one
unit of his production good costlessly. He can neither produce nor store other types of goods.

In addition to the commodities described above, there are two distinguishable fiat monies
without intrinsic worth, which we call the Home currency and the Foreign currency. Each
currency is indivisible and can be stored costlessly in amounts of up to one unit by any agent,
provided that the agent does not carry his production good or the other currency. This implies
that, at any date, the inventory of each agent consists of one unit of the Home currency, one
unit of the Foreign currency, or one unit of his production good, but does not include more
than one of these objects in total at any one time.

For some 3 € (0,1), in each period n, a Home agent is matched to a Home agent with
probability r, and is matched to a Foreign agent with probability 5(1 — r). The probability
with which he is not matched is thus (1 — 8)(1 — r). Similarly, a Foreign agent is matched to
a Home agent with probability fr, is matched to a Foreign agent with probability (1 —r), and
is unmatched with probability (1 — g)r.

The type space S is the set of ordered tuples of the form (a,b,c), where a € {H, F},
be{l,...,K}, and c € {g, h, f}. Here, H represents Home, F' represents Foreign, g represents

good, h represents Home currency, and f represents Foreign currency.
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An agent chooses a trading strategy to maximize his expected discounted utility, taking
as given the strategies of other agents and the distribution of inventories. Matsuyama, Kiyotaki
and Matsui| (1993) focused on pure strategies that depend only on an agent’s nationality and
the objects that he and his counterparty have as inventories. Thus, the Home agent’s (pure)

trading strategy can be described simply as

g )1 if he agrees to trade object a for object b
o otherwise,

where a and b are in {g, h, f}. The Foreign agent’s trading strategy can similarly be described

as
r 1 if he agrees to trade object a for object b
Tab = .
0 otherwise.
For example, T;j{ = 0 means that a Home agent does not agree to trade his production good

for the Foreign currency, while ng = 1 means that a Foreign agent agrees to trade the Home
currency for his consumption good.

We can apply our model of dynamic directed random matching with immediate break-up
in Section[4to give a mathematical foundation for the matching model in Matsuyama, Kiyotaki
and Matsui| (1993)) by choosing suitable time-independent parameters (b, ¢, v) governing random
mutation, random matching, and match-induced type changing. To this end, we take mutation

probabilities
b(a1,b1,01)(a2,b2,02) = 5(11 (G’Q)(Sbl (62)501 (02)'

For a given cross-sectional agent type distribution p € A, the directed matching probabilities

are
) Plagba,e) if ay = ay
Q(a1,b1,01)(asbz,ea) (P) = {5 Pspsey i ar £ az.

Because the nationalities and consumption traits of agents do not change, a matched
agent cannot change to a type with a different nationality or trait. Thus, for the type changing
probability v of an agent with nationality a; and trait by, search is directed to the three
counterparty types (a1, b1,9), (a1,b1, f) and (ay, b1, h).

Suppose that agent i is of type (aj,b1,g) and is matched with agent j, who has type
(az, b2, c2). The probability that agent i changes type to (a1, b1, h) is V(a, b, g)(as,be,co) (1(@1,01, 1) }).
The good carried by an agent of type (a1, b1, g) must be by + 1. For by # b; + 1 (mod K), the
good that agent ¢ carries is not the consumption good of agent j, which means that there is no
trade, so the probability v, b, ¢)(as,be,co) ({(a1,b1,h)}) is 0. When ¢y # h, agent i cannot get
the Home currency from j, S0 (g, b, g)(as,bo,co) (1(@1,01,h)}) is also 0. When by = by + 1 and
2 = Ny Vg, by,g)(az,ba,co) (1(a1, b1, h)}) is the probability that agent i trades with an agent with
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the type of agent j, which is T;ﬁ . T,f;. We therefore have

if bo =b1 4+ 1 (mod K) and co = h

otherwise.

o
Y(a1,b1,9)(az,b2,c2) ({(ab by, h)}) = 0

The following type-change probabilities can be obtained by similar arguments:

Ti 792 i by =b1 + 1 (mod K) and c2 = f,
V(a,b1,9)(az,b2,¢2) ({(alv b1, f)}) = { of e

0 otherwise

V(a1,b1,9)(az2,b2,c2) ({(alv blyg)}) = 1_V(a1,b179)(a2,b2,02) ({(alu blv h‘)})_V(al,blag)(GQ,bQ,CQ) ({(a17 blﬂ f)})

T;,Z'; -T;],ZL ifbo=0; — 1 (mod K) and ca = ¢

V(a1,b1,h)(a2,b2,cg) ({(a17 bl?.g)}) = {

0 otherwise

T T o= f
v o ay, by, —J'hf IR
(a1,b1,h)(az,b2,c2) ({(a1,01,1)}) {0 otherwise

V(a1,b1,h)(a2,b2,cg) ({(a17 bl’ h‘)}) = 1_V(a1,b1,h)(a2,b2,cz) ({(a17 b17 g)})_V(al,bl,h)(az,bg,cg) ({((Il, bl? f)})

TJ?;-T;J% ifbo=0; — 1 (mod K) and ¢ = ¢

0 otherwise

V(a1,b1,f)(az,b2,c2) ({(ahblag)}) = {

ifco=h

otherwise

ot
V(ay,b1,f)(az,b2,c2) ({(a1,b1,h)}) = 0

V(ar b1, f)(asba,ca) (101,01, £)}) = 1=V(ay b1 F)(asba,ea) (1(a1,01,8) 1) =V(ar by, 1) (as,bareo) ({(@1,01,9)}) -

B.3 Matching in labor markets with multi-period employment episodes

This example is taken from Andolfatto (1996)), whose Section 1 considers a discrete-time labor-
market-search model. The agents are workers and firms. Each firm has a single job position.
Section 2 of |Andolfatto (1996) works with stationary distributions. We can use the model
of dynamic directed random matching with enduring partnership developed in Appendix [A]
to capture the search process leading to Equation (1) of |Andolfatto| (1996) in the stationary
setting.

The agent type space is S = {E,U, A,V,D}. Here, E and U represent, respectively,
employed workers and unemployed workers while A, V and D represent active, vacant and
dormant jobs respectively. Dormant job positions are neither matched with a worker nor
immediately open. The proportion of agents that are workers is w > 0.

At the beginning of each period, each vacant firm may mutate to a dormant job and
each dormant job may mutate to a vacant job. Let p,,, and p,,, be the respective proportions

of unemployed workers and vacant firms after the mutation step. In the stationary setting,
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the quantity M (p,,,, e- P, ,) of new job matches in a given period is governed by a continuous
aggregate matching function M : [0,1] x Ry — [0,1] that incorporateslﬂ the search effort e
applied by each worker seeking employment with M (p,, ,, e-p,,,) < min{p, ,,p,,}. Job-worker
pairs that have existed for at least one period are assumed to break up with probability 6 in
each period. Newly formed pairs cannot break up in the current period. While a job-worker
pair maintain their partnership, their current types (A, E) do not change. On the other hand,
if they break up, the job becomes vacant and the worker becomes unemployed.

Equation (1) in |Andolfatto| (1996) in the stationary setting is

E*=(1-0)E*+ M(V* e-(w— E*)), (27)
where E* and V* are the respective fractions of employed workers and vacant jobs in the
particular case[’y]

Viewed in terms of our model in Appendix [A] the corresponding time-independent pa-
rameters are given as follows. Vacant firms could mutate to dormant, and vice versa. Workers

and active firms do not mutate. For any k£ and [ in S, let

low—E"-V* ¢ _VorDandl=D

1-w—-FE*
bri = § s if k=VorDandl=V
0(1) otherwise.

Matching occurs only between unemployed workers and vacant jobs. The matching probabilities
are defined as follows. For any k£ and [ in S, define

My ©Pus) i (k1) = (U, V) and p,, > 0

Pus

au(p) =  FePus) it (k1) = (V,U) and fy, > 0

vJ
0 otherwise.

Next, we consider the step of type changing with break-up. For any k,[,r, s € S, we have

b — {9‘ if (k,1) = (E, A) or (A, E) 28)

0 otherwise

0p(r)da(s) fk=Uandl=V
oki(r,8) =< 6a(r)og(s) ifk=Vandl=U (29)
0k(r)di(s) otherwise

37The mass of workers is assumed to be one in [Andolfatto (1996). Since the matching function in [Andolfatto
(1996)) is assumed to have constant returns to scale, one can re-scale the total worker-firm population to be one,
with a proportion w of agents being workers.

38Gee (P6') on page 120 of |Andolfatto| (1996) for the steady state equation with the Cobb-Douglas matching
function.
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du(r) ifk=Fandl=A
su(r) =< 6y(r) fk=Aandl=E (30)
dk(r)  otherwise.

Equation means that an employed worker has probability 6 of losing her job. When two
agents are newly matched in the current period, the worker-firm types change from (U, V') to
(E, A). For those paired agents who were matched in a previous period, their types do not
change while they stay together. Finally, the worker-firm pair of types from (E, A) to (U, V)
when they break up. Equations and express these ideas.

Taking the equilibrium search effort e as given, Theorem [4] and Proposition [4 imply that

any stationary type distribution satisfies

Ppa =T(0)pa- (31)

We take a stationary type distribution p* corresponding to the given fractions of employed
workers and vacant jobs E* and V* as in Equation , which means that p;,, = E* and
p;,, = V*. By the formulas above the statement of Theorem E|, we obtain that

I'pa (p*) = ﬁEA(l —0)+ Pys9uv (p)
Pyy =Dy, =w—p,, =w—E
ﬁvll :ﬁ\k/l]bvv +ﬁ*DJbDV :ﬁ\k/l]bvv + (1 —w _ﬁ*EA _ﬁ;k/])bDV =V~

Substituting the above terms into Equation , we derive

Ef=pt =(1—-0)E"+M((V* e (w—EY)).
Thus the stationary distribution of employed workers and vacant jobs considered in |/Andolfatto
(1996) can be derived from our model of dynamic directed random matching with enduring

partnership with appropriate parameters.

C Proofs of Theorem [4] and Proposition

Before proving Theorem [4] we need a few lemmas.
First, we state the following general version of the exact law of large numbers in [Sun

(2006)) as a lemma here for the convenience of the reader@

39Part (2) of the lemma is part of Theorem 2.8 in Sun| (2006). That theorem actually shows that the statement
in Part (2) here is equivalent to the condition of essential pairwise independence. While Parts (1), (3) and (4) of

the lemma are special cases of Part (2), they are stated respectively in Corollary 2.9, Theorem 2.12 and Corollary
2.10 of [Sun| (2006).
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Lemma 1 Let f be a measurable process from a Fubini extension (I x Q,ZX F AKX P) to a

complete separable metric space X.

1. For P-almost all w € §, the sample distribution N\f, 1 of the sample function f., is the
same as the distribution (\X P)f~1 of the processﬂ

2. For any A € T with \(A) > 0, let f4 be the restriction of f to A x Q, M and M R P
the probability measures rescaled from the restrictions X\ and A\ P to {D € Z: D C A}
and {C €e TR F : C C A x Q} respectively. Then for P-almost all w € Q), the sample
distribution N (fY51 of the sample function (f4), is the same as the distribution of

(MK P)(fA4) ™1 of the process fA.

3. If there is a distribution p on X such that for A-almost all i € I, the random variable
fi has distribution u, then the sample function f., (or (f4).) also has distribution u for
P-almost all w € .

4. If X is the real line R and f is integrable on (I x Q,ZX F, AKX P), then for P-almost all
weQ, [; fud\= [} o fANR P.

By viewing a discrete-time stochastic process taking values in X as a random variable
taking values in X*°, Lemmal[I]implies the following exact law of large numbers for a continuum

of discrete-time stochastic processes, which is formally stated in Theorem 2.16 in [Sun/ (2006]).

Corollary 1 Let f be a mapping from I x Q x N to a complete separable metric space X such
that for eachm >0, f* = f(-,-,n) is an ZRF-measurable process. Then, for A-almost alli € I,
{f'}22 is a discrete-time stochastic process. Assume that the stochastic processes {fI'}5 ), 1 €
I are essentially pairwise independent, i.e., for A-almost all i € I, A-almost all j € I, the
random vectors (f2,..., fI*) and ( ]Q, ol fj”) are independent for alln > 0. Then, for P-almost
all w € Q, the empirical process fo, = {fl}52 has the same finite-dimensional distributions
as that of f = {f"}%, d.e. (fO...,f7) and (f°,...,f") have the same distribution for any

w?
n > 0.

To prove that the agents’ extended type processes are essentially pairwise independent
in Lemma |3 below, we need the following elementary lemma, which is Lemma 5 in [Duffie and
Sun| (2012).

49Here, (AKX P)f~! is the distribution v on X such that v(B) = (AR P)(f~'(B)) for any Borel set B in X;
Afo ! is defined similarly.
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Lemma 2 Let ¢, be a random variable from (0, F, P) to a finite space Ay, form =1,2,3,4.
If the random variables ¢3 and ¢4 are independent, and if, for all ap € A1 and as € Ao,

P(¢1 = a1,¢2 = a2 | ¢3,04) = P(¢1 = a1 | ¢3)P(d2 = a2 | ¢a), (32)

then the two pairs of random variables (¢1, ¢3) and (¢2, ¢4) are independent.

The following lemma is useful for applying the exact law of large numbers for discrete

time processes in Theorem 2.16 of |Sun| (2006)) (see Corollary (1)) to our setting.

Lemma 3 Assume that the dynamical system D is Markov conditionally independent. Then,

the discrete time processes {B]'}02 .1 € I, are essentially pairwise independent. In addition,

n=0»
for each fized n > 1, the random variables Bl",z el (El",z € I) are also essentially pairwise

independent.

Proof. Let E be the set of all (7,7) € I x I such that Equations , and hold for
all n > 1. Then, by grouping countably many null sets together, we obtain that for A-almost
all i € I, A-almost all j € I, (i,7) € E, i.e., for l-almost all i € I, A(E;) = AX{j € I:(i,j) €
E}) =1

We can use induction to prove that for any fixed (i, j) € E, if (8,...,8") and ( ?, s BY)
are independent for n > 0, then so are the pairs ;" and 7, §;" and 87 for n > 1. The case
of n = 0 is simply the assumption of initial independence in Subsection [A22] Suppose that it
is true for the case n — 1. That is, if (87, ... ,B{“l) and (ﬁ?, ... ,B;“l) are independent, then
S0 are the pairs BZ-"*l and B;“l, B{“l and B;“l. Then, the Markov conditional independence
condition and Lemma [2imply that (87, ... ,5172*1’ B7) and ( ?, . ,B}A‘*l, B;‘) are independent,
so are the pairs (37, ... ,Bffl,ﬁi?,ﬁf) and ( ?, e B}n‘*l, Bj”, BJ”), and (8Y,... ,,6’2-’“1,5;‘, 3, B
and (B?, .. ,B;l*l,B;?, 7,5}1). Hence, the random vectors (37, ...,3") and (5?, .. ,ﬁ?) are
independent for all n > 0, which means that {3;'}72 and {3} };2 are independent. It is also
clear that if, for each n > 1, the random variables ;' and 5}‘ are independent, then so are 3

and Ey The desired result follows. =

The following lemma shows how to compute the expected cross-sectional extended type

distributions E(p™) and E(p™).
Lemma 4 The following hold:
1. For each n > 1, E(p") = I (E(p"1)).

2. For each n > 1, the expected cross-sectional extended type distribution p™ = E(p™) imme-

. . . . . an—1

diately after random mutation at time n, satisfies E(py;) = >k, 1, s E(Dy;, )bk, k0L, and
. sn—1

E(Brs) = 2ies BBy )bij.
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Proof. Fix any k,l € S. Equations and imply respectively that for any ki,l; € .S,
P (B” = (k,J)| B ! (k:l,ll)) =0, and P (8]' = (k, )| B} ! (k:l,J)) =0. (33)

The Fubini property will be used extensively in the computations below. We shall illustrate its
usage in Equation . It then follows from the Fubini property and Equations and
that

= /Q Ni€T:3() = (k1)) dP(w) = /I P (B = (k1)) dAG)
_ /I ST P (B = (k1) B0 = (k1)) dAG)

k1,01 €S
— / S P = (kDB = (k1,1)) P (B = (k1,1)) dA(D)
kl,lleS
= > E@)babl (34)
k1,01 €S
By Equations and , we obtain that
iy, = [ P(Br= (k) B = (k, ), 57" = (k1,J)) dA(i)
* / /Ikles
= [ P = D8 = (D) P (57 = (1)) NG
I'kes
= X [P (7 = ) )
kies !
= > B b (35)
k1€eS

By Lemma [3] 8" is essentially pairwise independent process. The exact law of large
numbers in Lemma (I implies that p"(w) = E(p") = p" for P-almost all w € Q. Combining
with Equations and , we can obtain that for any [ € S,

P(gi =llai =k, g =J) = qp (p"), and P(g = J|af =k, g = J) =g (p") . (36)

It follows from Equations and @ that

B = [ P - 0= 3 P (0= 0B = () 43
= / > P(ﬁz (k1) | B = (’ﬂJl))P(E?:(kl,ll)) dA(i)
Iy hes
= [ X @)k )P (B = (1)) dA@
Ty hes
- ¥ (1—02111)a£111(k,l)/P<ﬁ=?: (k:l,ll)) dA(i). (37)
k1,1€8 I
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Equations and (36) imply that

[P (3= wo)axi = [ 30 P (B = w015 = (1) P (5 = (1,10) dAG)

ki,l1€S

/ZP ﬂ"— (k)| B = (k1, )) (Bl = (k1,J)) dA(4)

I k1€S
= [P (3= G 1B = (kD) P (B2 = (k.0) aG)
+ [P (B =015 = (1) P (B2 = (. 7)) dAGD)
= P+ a1 (P") PRy (38)
By substituting Equation into Equation , we can express E(py;) in terms of E(p") as

Epp) = Y. Prn( =080k (kD) + > B s, (") (1= 0, )om, (kD). (39)
ki,l1€S k1,l1€8

Similarly, Equations and imply the second and third identities while Equations
and imply the last identity in the following equation:

E(py,) = /I P (8" = (k. J)) dA(i)

! kl,lles
- /[P (::L = (k. J) / Z gklllgklll (/Bn (k1, l1)> d\(7)
k1,l1€S

:/,P<_?:(’*%J)!Bi”=(k7J))P(Bz-":(k,J)) dA(4)
+ Z Or sty Sk, (K / (5” (kl,l1)> d\(4)

k1,01 €S

~1 n n
= Prni (P Z Pryty 010, Sk, (K Z Pryaiyn, (P™)0k 1, s, (k) (40)
ki,l1€S ki,l1€S

By combining Equations (34} . . and (40), we obtain that E(p") = T*(E(p""1)). =

The following lemma shows the Markov property of the agents’ extended type processes.

Lemma 5 Suppose the dynamical system D is Markov conditional independent. Then, for

A-almost all i € I, the extended type process for agent i, {BI'}>2,, is a Markov chain with

transition matrix z" at time n — 1.

Proof. Fix n > 1; by summing over all the (ko,l2) € S in Equation , we obtain that for
A-almost all ¢ € 1,

P (B = (ki,l) | (B)iZy) =P (B! = (k1, 1) | B (41)
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By grouping countably many null sets together, we know that for A-almost all i € I, Equation
holds for all n > 1.
Similarly, Equations and imply that for A-almost all ¢ € I,

P (B = (o, )1 32, (B0) = P (B = (k1) 37)
P (51-" = (k1,01) |Ezn7(5f)?;ol) = (BZ = (k1 HB”)

hold for all n > 1. A simple computation shows that for A-almost all 7 € I,

P(Br = (ki h) | BY,....00 7Y = P(B" = (ki,lh) | BY)

for all a; € S, 11 € SU{J} and n > 1. Hence, for M\-almost all i € I, agent i’s extended type

process {8'}2° is a Markov chain.
By combining Equations , and , we can obtain that

E(pp) = > bpdin, ) = 03,)om, (k DE@B )

k1,l1,k'€S

+ > B b, (1= 070k, (R DE(B ).
k1,l1,k"l'€S

Since the transition probabilities Z(nk/l’)(kl) and Z?k’])(kl) from time n — 1 to time n are the

respective coefficients of E(p},') and E(p} D 1) for any k,1, k', € S, we can obtain that

Z?k'l')(kl) = Z Ok, b, (1 = 00, )0y, (K, 1)
k1,l1€S

Z?k’J)(kl) = Z bz’qugﬂl (ﬁn)(l - 9’],4311[1)0-2111 (k7 l)’
k1,l1€S

which follow the corresponding formulas in Equation . Similarly, by combining Equations

. and ( ., we can obtain that

n—1 ~n—1
E(pr.s) Z b (0" E(Py ;) + Z Ok, b1, Oy, Sty (R)E (D)
k'eS k1,l1,k"l'€S
= n—1
+ Z bZ’quIle (pn)egﬂlggﬂl (k)E(pZ’J )
k1,1 ,k'€S

Since the transition probabilities z?k/l,)(k J) and z?k, T (k) from time n — 1 to time n are the

respective coefficients of E(ﬁ’]z,;l) and ]E(ﬁz,}l) for any k,k’,l’ € S, we can obtain that

N Z briey U171, Oy 1y Sk, (F)
ki,l1€S
Z?k’J)(kJ) = by (D Z Oty Tenty (P™) Oyt Sk, (K,
ki,lh €S
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which follow the corresponding formulas in Equation (26). =

Now, for each n > 1, we view each 8" as a random variable on I x Q. Thus {8"}>2 is

a discrete-time stochastic process.

Lemma 6 Assume that the dynamical system D is Markov conditionally independent. Then,

{B"}22, is also a Markov chain with transition matriz 2" at time n — 1.

Proof. We can compute the transition matrix of {8"}°2, at time n — 1 by using Lemma

and the Fubini property. Fix any k1,k2 € S and any l;,ls € SU{J}. We have

(AR P)(B" = (ko,12), 8" ' = (k1,11))
/I PBY = (ks Io) | 87 = (1, ) P8 = (ks 1)) dAG)
[ St PO = (1) X
= 2t (hate) - AR PY(B" T = (K1, 1)), (42)

which implies that (AKX P)(8" = (ko,12) | B! = (k1,11)) = Zhs 1) (hala)
Next, for any n > 1, and for any (a°,...,a"2) € (S x (SU{J})"" !, we have

AR P)((°,....,8"2) = (a 0,...,a"—2),ﬁ"—1 = (k1,11), B" = (ka,12))
— /p 0BT = (., a" ), B = (kL ), B = (e, 1)) dA(D)
= /IP(@”: (ko,lo) | B = (k1,l0)) P (87, ..., B %) = (a%....a" ), B " = (ki,11)) dA(3)
i) (hatn) - AR PY((B, ., 87 72) = (@0 72), 771 = (b1, 1)), (43)

which implies that

()‘&P)(Bn = (k27l2) | (507“.75n72> = (aﬂj.”,aan)’ﬂn ! (kbll)) (klll)(lez)'

Hence the discrete-time process {5}, is indeed a Markov chain with transition matrix 2"

at timen —1. =

Proof of Theorem [4; Properties (1), (2), and (3) of the theorem are shown in Lemmas
and [3] respectively.

By the exact law of large numbers for discrete time processes in Corollary [1, we know
that for P-almost all w € Q, (8%,...,8") and (8°,...,5") (viewed as random vectors) have
the same distribution for all n > 1. Since, as noted in Lemma @ {B"}52, is a Markov chain

with transition matrix 2" at time n — 1, so is {80 }72, for P-almost all w € 2. Thus property
(4) is shown.
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Since the processes " and " are essentially pairwise independent as shown in Lemma
Bl the exact law of large numbers in Lemma [I] implies that at time period n, for P-almost
all w € Q, the realized cross-sectional extended type distribution after the random mutation,
P (w) = A(B?) ! is the expected cross-sectional extended type distribution E(p"), and the
realized cross-sectional extended type distribution at the end of period n, p"(w) = A\(87) ! is
the expected cross-sectional extended type distribution E(p™). Thus, property (5) is shown.

Assume that there exists p° € A such that P (B?)_l = Y holds for A\-almost every i € I.
The exact law of large numbers in Lemma [1| implies that $° = E(p°). For A-almost all i € I,

o0

since the transition matrix of {]'}5° is {2"}>2,

the Markov chains {8]'}7°, induce the same
distribution on S™ as . For P-almost all w € €2, the Markov chains {5}, induce the same

distribution on $* as &. Thus, property (6) is shown. =

Proof of Proposition Given that the parameters (b, q, 0, 0,s) are time independent, the
mapping '™ from Ato Ain Subsectionis time independent, and will simply be denoted by
I'. By the continuity assumption in the sentence above Equation @, Pryq (P ) is continuous
inpeA for any k,l € S. For any k1,l1 € S, since py,j = Zresﬁwb?kl is continuous in p € A,
we can also obtain that p, Jq,?lll(ﬁ) is continuous in p € AT herefore, I" is a continuous
function from A to itself. By Brower’s Fixed Point Theorem, I' has a fixed point p*. In this
case, E(p") = p*, 2™ = 2! for all n > 1. Hence the Markov chains {B}oo, for A-almost all
i€, {7}, {BlL}, for P-almost all w € 2 are time-homogeneous.

If the initial extended type process (° is i.i.d., then the extended type distribution of
agent ¢ at time n =0 is P (5?)_1 = p* for Md-almost every ¢ € I. By (6) of Theorem 4} for any
n > 1, 8 induce the same distribution on S for A-almost all i € I. Therefore, for any n > 1,
P (B7)"" = p* for A-almost all i € I.

D A Brief Introduction to Nonstandard Analysis

In order to summarize background knowledge for the proofs of Theorems [I| and [5} this section
presents basic nonstandard analysis by adopting some material from Loeb and Wolff] (2015]) and
several other related results. First, a simple construction of the nonstandard number system
that extends the usual ordered field of real numbers is given in Subsection A more general
framework of nonstandard analysis is then presented in Subsection The key constructions
of Loeb measure spaces and Loeb transition probabilities are introduced in Subsections and
respectively. The crucial relevant result is the so-called Fubini property for Loeb product

and transition probabilities. In the final part of this section, we discuss some motivation for
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using hyperfinite agent spaces in settings like those for random matching@

D.1 Non-standard number system

First, we extend the ordered field of real numbers R to an ordered field *R that contains

infinitesimals. To this end, we introduce the concept of a free ultrafilter.

Definition 4 A free ultrafilter on the set N of positive integers is a collection U C P(N) =
{A: A C N} such that

1. 0¢U.

2. AcUand BeUd = ANBecl.

3. ACNand A¢ U = N\Ael.

4. Ais a finite subset of N=— N\A € U.

Fix a free ultrafilter /. One can define a set function ¢ on the power set P(N) of N such
that t(A) = 1if A € U, and «(A) = 0if A ¢ U. It is easy check that ¢ is a finitely additive
probability measure on P(N). If a property holds on some set A € U, then the property holds
with (-probability one; we can simply say that the property holds almost everywhere, expressed
for brevity as “a.e.”.

Two sequences (r;) and (s;) of real numbers are said to be equivalent if r; = s; a.e.,
which means {i € N: r; = s;} € U. We write [(r;)] for the equivalence class containing the
sequence (r;), and we use *R to denote the collection of such equivalence classes. The set *R is
called the set of nonstandard real numbers, or the “hyperreal” numbers. Such a construction
using an ultrafilter is called an ultrapower construction@ We note that the set R of real
numbers is embedded in the set of nonstandard real numbers *R via the map ¢ — [(¢)], where
() is the constant sequence with term ¢ € R. We write *c for [(c)], but later drop the star for
convenience. In contrast to hyperreal numbers in *R, the numbers in R are also called standard
real numbers.

The summation and multiplication operations +, . and the absolute value function | - |

together with the “less than” order relation < for *R are defined as follows.

Definition 5 Given real sequences (r;) and (s;), we set

41 For a comprehensive treatment of nonstandard analysis, see Chapters 1, 2, 3 and 6 in |[Loeb and Wolff (2015).
For the details on Loeb transition probabilities and the associated Fubini property, see Section 5 of [Duffie and
Sun| (2007).

*ZThough the set *R of nonstandard real numbers depends on the underlying ultrafilter, the particular choice
of such an ultrafilter is not an issue. When we consider applications of nonstandard analysis, what we use
are some general properties of nonstandard models, such as the Transfer Principle in Proposition [7] and the
Countable Saturation Principle in Proposition [§| below.
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4. [(ri)] < [(si)] if ri < si a.e.

It is easy to check that the operations + and ., as well as | - | and the ordering <, are
independent of the choices of the representing sequences. The structure (*R, +, -, <) forms an
ordered field that extends the ordered field (R, +, -, <).

For any r € *R, r is infinite (or unlimited) if || > n for every standard positive integer
n € N; r is finite (or limited) if |r| < n for some n € N; and r is infinitesimal if |[r| < % for
every n € N. Recall that for » = [(r;)] € *R and ¢ € R, |r| < ¢ (|r| > ¢) means that |r;| < ¢
(Iri] > ¢) holds a.e.

For x,y € *R, we say that  and y are infinitesimally close or infinitely close if x — y is
infinitesimal and in that case we write x ~ y. The equivalence class for ~ containing z is called
the monad of x, written as monad(x). That is, monad(z) = {y € *R:y ~ z}.

If p € *R is finite, then the unique real number ¢ with p ~ ¢ is called the standard part
of p. We write ¢ = st(p) or ¢ = °p.

Let *N = {[(r;)] : 7 € N a.e.} C *R be the set of hyperfinite integers, and *N,, the set

of unlimited hyperfinite integers. We have the following proposition.

Proposition 6 For any unlimited hyperfinite integer r = [(r;)] € *No, the set {r' € *N : 1/ <
r}, which is also denoted by {1,2,...,r}, has the cardinality of the continuum.

Proof: Let R* be the set of sequences of standard real numbers. Since R* has the cardinality
of the continuum, the cardinality of *N is therefore at most the cardinality of the continuum,
which implies that the cardinality of A = {1,2,...,r} is also at most the cardinality of the
continuum.

Let B = %, %, ...y} It is clear that A and B have the same cardinality. For any
standard real number ¢ € [0, 1], let ' = |c.7] = [(hi)] € *R, where h; is the integer part of the
standard real number c.7;. From now on, we may drop the multiplication symbol . when there
is no confusion. It is clear that 7/ € *N and c¢r — 1 < r’ < ¢r, which implies that %/ € B and
c—1< %/ < c. Note that 1 is infinitesimal, and st(’%) = c. Therefore, st( - ) is a surjection from
B to [0, 1], which implies that the cardinality of B is at least the cardinality of the continuum.
Hence, the cardinality of A is also at least the cardinality of the continuum. Combining with
the conclusion of the above paragraph, we know that A has the cardinality of the continuum.
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D.2 General framework of nonstandard analysis

To develop the general framework of nonstandard analysis, we need to work with the concept
of superstructure. Fix a set X containing R. Let Vj(X) = X, and for each positive integer
n €N, let V,(X) = V,—1(X) UP(V,-1(X)), where P (V,—1(X)) is the power set of V,,_1(X).
The superstructure over X is the set V(X) = U2V, (X). Entities in X are said to be of rank
0, and for n > 1, entities in V,,(X)\V,,—1(X) are said to be of rank n.

For a,b € V,(X), one can define an ordered pair (a,b) as the set {{a}, {a,b}}, which is
an element in V,,42(X). With the definition of ordered pairs, one can then define the Cartesian
product of two sets in V(X), as well as relations and functions in V(X). For k > 3, one can
define ordered k-tuples (a1, as,...,ar) as {(1,a1),(2,a2),...,(k,ar)}. The k-tuple versions of
Cartesian products, relations and functions in V(X) can be similarly defined. In fact, the
superstructure can be used to cover basically all of the relevant mathematical structures that
are useful for applications.

We now describe the construction of formal statements, or “formulas,” in a formal lan-
guage Lx about the superstructure V(X). Given X, the language Lx for the superstructure
V(X) over X has the following symbols:

1. Connectives: 7, V, A, —, <.

2. Quantifiers: Vv, 3.

3. Parentheses: [ ], ( ), ().

4. Constant Symbols: At least one name for each entity in V(X).

5. Variable Symbols: A fixed collection of symbols representing variables.

6. Equality Symbol: Denotes equality for elements of X, and set equality otherwise.
7. Set membership: €.

The above symbols serve as the “alphabet” of the language Lx. A fixed set of variable
symbols together with other symbols in Lx will lead to a well-defined collection of formal

syntactical statements.

Definition 6 A formula of Lx is built up inductively with the following rules:

(a) If 1, ,xpn, x, and y are either constants or variables, then the following are called
atomic formulas: v € y, x =y; (x1, - ,an) €y; (w1, ,2n) =y; (21, -, 20) , @) € y;

((33‘1,'-- ,$n),$) =Y.
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(b) If ® and © are formulas, so are (=®), (PAO), (& — 0), (PVO), and (P + O).

(c) If x is a variable symbol and y is either a variable symbol or a constant symbol and P is

a formula, then (Vx € y)® and (Jx € y)® are formulas.

The logical connectives 7, V, A, —, <> have the usual meanings in terms of the satisfia-
bility of formulas connected by them. For example, (—®) means that ® is not satisfied while
V, A mean “or”, “and” respectively. For the formulas (Vz € y)® and (3z € y)®, the scope of

the quantifies V, 3 is ®. One can define the scope of a quantifier within a formula inductively.

Definition 7 A wvariable x is free in a formula ® if it is not within the scope of any quantifier

for x. A closed formula in Lx is a formula without free variables.

Fix a free ultrafilter Y. Given (a;) and (b;), both in the space X > of sequences in X, are
said to be equivalent if a; = b; a.e. For any ¢ € X, let *¢ = [(¢, ¢, . ..)] be the equivalence class
of sequences in X*° that contains the constant sequence (c, ¢, ...). For any sequence {4;}9°; of
sets in V,,(X)\X for some n > 1, define the set [(A4;)] = {[(zi)] : ; € A; a.e.}. For A € V(X),

let *A=[(A, A, A,...)]. In particular, *X is the set of equivalent classes of sequences in X°.

Definition 8 If ® is a formula in Lx, the x-transform of ®, denoted *®, is the formula in

L+x that is obtained by replacing each constant ¢ in ® with *c.

The following result is a basic tool in nonstandard analysis["]

Proposition 7 (Transfer Principle) If ® is a closed formula in Lx that is true for V(X),
then *® is true for V(*X).

All entities in V(X) and entities in V (*X) of the form *b, for some b € V(X), are called
standard. An entity a in V(*X) is called internal if for some set b € V(X), a € *b. All other
entities in V(*X) are called external. For any internal set A in V(*X), one can always find
a sequence {A;}°; of sets in V,,(X)\X for some n > 1 such that A is the set of equivalence
classes {[(a;)] : a; € A; a.e.}. If any kind of internal operations are applied to internal sets,
one still obtains internal sets; see, for example, Theorem 2.8.4 in |Loeb and Wolff| (2015)). In
particular, if A and B are internal, then so are AU B, AN B, A\B, and A x B. An internal
function is a function whose graph is internal.

For B € V(X)\X, let Pr(B) denote the finite subsets of B. An element A € *Pr(B)
will be called a hyperfinite set. In particular, A is the set of equivalence classes {[(b;)] : b; €

“3For a detailed proof, readers are referred to Sections 2.2-2.5 of [Loeb and Wolff| (2015)).
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B; a.e.} for some sequence (B;) of finite subsets of B. The internal cardinality of A is simply
the hyperinteger [(|B;|)], where | B;| is the cardinality of the finite set B;.

The following is an important uniformity principle that transforms a local property
expressed by finite intersections to a global property described by the intersection of all the

sets in the sequence. The proof is taken from page 199 of Khan and Sun| (1997).

Proposition 8 (Countable Saturation Principle) For a sequence of nmonempty internal

sets, Ay D Ap D --- D A, D ..., we have N)LnA, # 0.

Proof. For any n € N, since A,, is internal, there exists B,, € V(X)\ X such that A, € *B,, =
[(Bp, Bn,...)]. Then there exists a sequence {4,;} of sets such that A,; € B,, for any i € N
and A, = [(An1, An2, .. )] Let Iy ={i>n:A;; D+ D Ay #0}. Thenforalln e N, I, e U,
I, O Iy1, and Nyenl, = 0. This implies that for any ¢ € I1, n(i) = max{n € N:i € [} is well
defined. For i € Iy, since i € I,,(;), we know that A, ;); # (). Pick b; from Ay (i)i» and note that
i € I, implies that n(i) > n, and hence b; € A,;); € Ap;. Thus {i € Iy : b; € Api} 2 I, € U.
By defining b; to be some point in A; if 7 is not in I;, we obtain that [(b;)] € A,. Since n is
arbitrary, the proof is finished.

D.3 Construction of hyperfinite Loeb spaces

Fix any unlimited hyperfinite integer M. Let A = {1,2,..., M}, and C be the internal power
set of all the internal subsets of A. Let w : A — *R, be an internal function such that
Yieaw(i) =1.

Define an internal finitely-additive measure from C to *[0, 1] such that p(A) = >, 4 w(i)
for any A € C. Then (A,C, p) is called a hyperfinite internal probability space. If w(i) = ﬁ
for all i € A, then (A,C, u) is called a hyperfinite counting probability space.

We let st(u) be the function from C into R4 defined by st(u)(A) = st(u(A)) for any A € C.
It is clear that st(u) is a finitely-additive measure on the algebra C. The important point is
that st(u) is a countably-additive measure on the algebra C. To see this, consider a sequence
A1 D Ay D ... of internal sets in C such that N,enA, = (. The countable saturation principle
implies the existence of m € N such that A,, = (. It is thus clear that lim,, . st(u)(A4,) = 0.
By the well-known Caratheodory’s extension theorem (see, for example, Loeb| (2016, p. 181)),
st(u) can be extended to a measure py on the o-algebra o(C) that is generated by C. By
including all pz-null subsets, we obtain a standard complete probability space (A, L, (C), jir),

which is called a Loeb measure space.
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D.4 Transition probabilities

Let (I,Zy, Ao) be a hyperfinite internal probability space for which Zy is the internal power set
on some hyperfinite set I. Let € be a hyperfinite internal set with F its internal power set.
Let Py be an internal function from I to the space of hyperfinite internal probability measures
on (€, Fy), which is called an internal transition probability. For i € I, denote the hyperfinite
internal probability measure Py(i) on (€2, Fo) by Py;.

It is clear that the Cartesian product I x € is a hyperfinite set. Let Zy® Fy be the internal
power set on I x Q. Define a hyperfinite internal probability measure 79 on (I x ,Zy ® Fp)
by letting 7o0({(i,w)}) = Mo({i})Poi({w}) for (i,w) € I x Q. The measure 7y will be called
the product transition probability of the measure Ag and the transition probability Py. Let
(I,Z,)), (,F;, P;), and (I x Q,ZX F,7) be the Loeb spaces corresponding respectively to
(1,Zo, Xo), (2, Fo, Po;), and (I x Q,Zy ® Foy,70). The collection {P; : i € I} of Loeb measures
will be called a Loeb transition probability, and denoted by P. The measure 7 will be called
the Loeb product transition probability of the measure A and the Loeb transition probability
P. We shall also denote 19 by A\g ® Py and 7 by AKX P.

The following result presents a generalized Fubini theorem for a Loeb transition proba-
bility, which is proved in Section 5 of Duffie and Sun (2007)@

Proposition 9 Let f be a real-valued integrable function on (I x Q,0(Zy ® Fy),7). Then,
(1) fi = f(i,-) is o(Fo)-measurable for each i € I and integrable on (2, 0(Fo), P;) for A-
almost alli € I; (2) [q fi(w) dP;y(w) is integrable on (I,0(Zo), N); (3) [; [q fi(w) dPi(w) dA(i) =
f]xﬂ fl,w)dr(i,w).

If Py; does not depend on ¢, then 7 = A X P is called the Loeb product measure. The
corresponding measure space (I x Q, ZXF, A\K P) is called the Loeb product space. In this case,
the symmetric position of the two probability spaces respectively on I and €2 implies that the
properties as stated in Proposition [9] also hold when the iterated integral is taken in different
order. It is clear that Z X F contains the usual product o-algebra o(Zp) ® o(Fp). Thus, the
Loeb product space (I x 2,ZX F, AKX P) is a Fubini extension@ Such a result in the special
case was shown by [Keisler| (1977); see also Loeb and Wolff (2015| p. 214).

4 For simplicity, we only state the result in terms of the o-algebra 0(Zo ® Fo). One can also re-state the result
to the case when the underlying measure space is the completion of (I x Q,0(Zo ® Fo),T)-

45 Assume that both A and P are atomless. Proposition 8.4.5 in [Loeb and Wolff| (2015, Chapter 8) (by the
third author of this paper) indicates that Z X F is a strict extension of o(Zp) ® o(Fo). As noted in Proposition
8.4.1 of the same chapter, one can also construct Z X F-measurable processes which are essentially pairwise
independent with any given variety of distributions.
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D.5 Why hyperfinite agent spaces work

As noted in Subsection[D.2] a hyperfinite set can be viewed as an equivalence class of a sequence
of finite sets. The transfer principle also indicates that hyperfinite sets preserve properties of
finite sets. Thus, an idealized model based on a hyperfinite agent space captures the asymptotic
nature of the large finite phenomenon being modeledﬁ Khan and Sun|(1997) call this property
“asymptotic implementability.”

A typical hyperfinite set is of the form {1,2,...,r} for some unlimited hyperinteger r.
2

It is equivalent to work with T' = {%, =P

, =}. Since the standard parts of elements in 7" are
the real numbers in [0, 1], a limit model based on T" may be reduced to a model based on [0, 1],
provided that the relevant mappings on 7" have the essential continuity property in the sense
that for almost all ¢ € T, those points infinitely close to ¢ will have infinitely close values in
the relevant target spaces@ In the case of independent random matching, as considered in
this paper, the random types across the agent space are always discontinuous because of the
cross-agent independence assumption. Hence, it is not possible to study independent random

matching via the classical Lebesgue unit interval.

E Proofs of the Existence Results

The main existence results in this paper are Theorems [1|and [5| which are proved in Subsections
and respectively. Subsection presents the proofs of Propositions [2] and

E.1 Proof of Theorem [1l

In the proof of Theorem 2.6 in Duffie and Sun| (2007) for the existence of independent static
random partial matching, after one chooses the unmatched agents randomly, the measure on the
space of all the matchings on the set of matched agents is the hyperfinite counting probability,
which treats the matched agents symmetrically regardless of their types. In this paper, since
the matching probabilities depend on the types of both the agents and their partners, such a

symmetric treatment of agents is not possible. The idea underlying the proof of Theorem

46Consider a simple example that transfers the classical law of large numbers to the hyperfinite setting. A
hyperfinite sequence {X; };; (n € Ny ) of internal random variables from an internal probability space (2, Fo, Po)
to *[—c, ¢] with a positive standard real number c is said to be *-independent if Po(X1 < a1,...,Xn < an) =

?_1 Po(X; < a;) holds for any internal sequence {a; };—; of hyperreal numbers. Let (1, Zo, Ao) be the hyperfinite
counting probability space on {1,...,n}. Suppose that X;, 1 < i < n are x-independent with a common mean

m and variance o2. The Chebyshev Inequality says that Py (|% —m| > ﬁ) < n‘{—% Note that

# and nﬁ% are infinitesimals. Thus, for P-almost all w € Q, [; X (i)dho = M

~ m, that is,
J; °Xu(i)dA = °m, where X and P are the corresponding Loeb measures. A similar equality holds for any set in
Zo in place of I.

47See [Loeb and Wolff] (2015, p. 190) on the characterization of Lebesgue measurability on a hyperfinite Loeb

counting probability space.
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is as follows. The set of type-k agents to be matched with type-l agents (denoted by Ay;) is
chosen randomly according to the matching probabilities. One needs to make sure that (1) for
k <, Ap; and Aj, must have exactly the same internal cardinality so that the agents between
them can be matched, and (2) the internal cardinality of Ay must be an even hyperinteger
so that agents in Ay, can be matched to each other. The key point is to guarantee that the
construction leads an independent directed random matching with given parameters.

In dynamic directed random matching with enduring partnership as considered in this
paper, only the unmatched agents will conduct directed random searches for counterparties
while those existing paired agents will not participate in the search process. Thus, in order to
handle the matching step for the inductive definition of dynamic directed random matching,
Lemma [7| below allows the existence of both pre-matched agents and unmatched agents so that
pre-matched agents remain matched to the same partners and unmatched agents may search
for counterparties. In contrast, Theorem 2.6 in Duffie and Sun| (2007) considers only the case
in which all the agents are unmatched.

Let I ={1,..., M } be a hyperfinite set with M an unlimited hyperfinite integer in *No,
71y the internal power set on I, and Ay the hyperfinite counting probability measure on Zy with
Mo(A) = |A|/|I| for any A € Ty, where |A] is the internal cardinality of |A|. The corresponding
Loeb counting probability space (I,Z,\) is our space of agents. Following Definition (3| an
internal partial matching v from I to I is an internal mapping from I to I such that ¥ (¢ (7)) =i
for any ¢ € I. When (i) # @ ((i) = i), agent i is matched with agent (i) (agent ¢ is not
matched). When (i) # i for each i € I, v is said to be an internal full matching on /. For a
given hyperfinite internal probability space (2, Fy, Py), an internal random (partial) matching
7 is an internal mapping from I x € to I such that 7, is an internal partial matching for each
w € .

The following lemma will be used to prove both Theorems [I] and

Lemma 7 As above, let (I,Zy,\g) be the hyperfinite counting probability space with its Loeb
space (I,Z,\). Then, there exists a hyperfinite internal set 0 with its internal power set Fy such
that for any initial internal type function o from I to S and initial internal partial matching
70 from I to I with

oy _ [°@@) if 70(0) # i
9@ {J if 70(i) = i,

and internal extended type distribution p = Ao (ao, go)_l, and for any internal matching proba-

bility function q from S x S to "Ry with Y .o qrr < 1 and pryqu = proqie (i-€-, Praqr — Priduik

is an infinitesimal) for any k,l € S, there exists an internal random matching © from I x Q to

I and an internal probability measure Py on (2, Fy) with the following properties.
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(i) Let H = {i:7%(i) #i}. Then Py ({w € Q: m,(i) =7°(i) for anyi € H}) =
(ii) Let g be the internal mapping from I x  to SU{J}, defined by

g(z‘@:{ao(ﬂ(i’w)) if wi,w) #
’ J if m(i,w) =1,

for any (i,w) € I x Q. Then, for any k,l € S, Po(g; = 1) ~ qiq for A-almost every agent
i € I satisfying (i) = k and 7°(i) = i.

(iii) Denote the corresponding Loeb probability spaces of the internal probability spaces (2, Fo, Py)
and (I x Q,Zy ® Fo, Ao @ Py) respectively by (Q, F,P) and (I x Q,ZX F,\X P). The
mapping g is an essentially pairwise independent process from (I x QT X F, AX P) to
SU{J}.

0

To reflect their dependence on (a?, 7, ¢), 7 and Py are also denoted T(a0,70,q) and Pq0 70 4)-

Proof. The proof consists of four steps. The first step is to allow the initially unmatched type-k
agents to randomly choose the types of their partners according to the matching probabilities.
However, for a sample realization, the set of type-k agents to be matched with type-I agents
may not have the same internal cardinality as the set of type-l agents to be matched with type-k
agents. Such sets are modified in the second step so that a matching for those agents becomes
possible. The third step is to randomly match the agents in the divided groups accordingly.
The random matching as constructed is shown to be an independent directed random matching

with the given parameters in the final step.

Step 1: For each k € S, let m, = 1 =) ¢ qxr (the no-matching probability for a type-k agent),
and I}, = {i € I : a°(i) = k,7°(i) = i} (the set of type-k agents who are initially unmatched).
For each agent i € Iy, define a probability ¢; on S U {J} such that (;(I) = g for [ € S and
C¢i(J) = mi. For each agent i € I such that 7°(i) # 4, define a probability ¢; on SU{J} such that
Gi(1) = d;(1) for 1 € SU{J}, where 6;(1) is 1 if I = J and zero otherwise. Let Qo = (S U {J})!
be the internal set of all the internal functions from I to S U{J}, and o the internal product
probability measure II;c;¢; on (€o,.4p), where Aj is the internal power set of €y. For each
fixed sample realization wy € g, k,l € S, the agents in the set ALY = {i € I, : wo(i) = I} are
intended to be matched with agents in the set fl;‘;f

Step 2: The point is that one may not be able to produce an internal partial matching so that

agents in fl‘,‘; are matched with agents in Alk, since fl‘;:lo and Aﬁf may not have the same
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internal cardinality when k£ # [, and /_17:2, may not have even internal cardinality to allow an

internal full matching on A‘,;’,g Thus, we need to modify those sets. For k,I € S with k #£ [, let
CeP = {Ap : Ay C ALY, Ay is internal and |Ag| = min{|AS?[, |A%°|}}.

It is clear that C}? # (0. For any k € S, let C} be the set of all those sets in the form A3\ {i}
for i € A} if |ADR] is odd, and Cy} the set with one element AP if |A;}| is even. Denote
the product space sz,le g Cpp by C“°. Define an internal probability measure ;0 on C“° with
its internal power set by lettinﬁ wO(A) = |Cwo| for A € C*. The purpose of introducing
the space C“° and the internal probability measure p“° is to randomly remove some agents
from the sets fl‘,’:lo to obtain the modified sets A} with the desired properties for an internal

matching. Let
0 = {(Akl)k,les : Ay € I and Ay, is internal, where k,1 € S}

The probability measure p“° can be trivially extended to the common sample space €2y with
its internal power set by letting u“°(A) =0 for A € Qy \ C*0.

Given the hyperfinite internal probability space (o, Ao, po) and internal transition prob-
ability u“°,wy € Qp, we can define internal probability measure 1 on Qg x €21 with its internal

power set by letting uq(wo, A) = po(wp) X p<9(A) for any wy € Qp and A € Q.

Step 3: For any fixed wg € Qp and A% = (Ap)kies € C*°, we consider internal partial
matchings on I that match agents from Ag; to A;z. We only need to consider those sets Ay
which are nonempty. Let B;° = I;\(U,cq A% ), which is the set of initially unmatched agents
who remain unmatched. Let B;° denote the set {i € Iy : wo(i) = J}; then it is clear that
B0 = B0 U |Jyeg (A%0\ ALY). Let B0 = UK BY°. For each k € S, let 2™ be the

internal set of all the internal full matchings on A}Q. Let ,uwo’ ’ be the internal counting
probability measure on Q“’O’ . For k,1 € S with k: <1, let Q“’O’ ° be the internal set of all
the internal bijections from A}P to A}°. Let uwo’ ’ be the internal counting probability on

A[,‘;lo Let € be the internal set of all the internal partial matchings from I to I. Define Q‘;O’Awo
to be the set of ¢ € {29, with

(i) the restriction ¢|y = 7°|y, where H is the set {i : 7°(i) # i} of initially matched agents.
(i) {t €Iy : ¢(i) =i} = B;° for each k € S.

(iii) the restriction ¢\Awo € Q“’O’A ‘for ke S.

“®We shall also use an element d of a set D to represent the singleton set {d}. Here u“°(A) actually means

wO({A}).

58



. . w, 7A""O
(iv) for k,l € S with k <, ¢’A:ZO e Q) .

Property (i) means that initially matched agents remain matched with the same partners. The
rest is clear.

A0

Define an internal probability measure 5"’ on 2o such that

(i) for ¢ € Q502
;A“0 LA“0
ZA OO L | B~ I
1<k<I<K,A}#0
.. A¥ AW
(i) ¢ ¢ B, """ (9) = 0.

The purpose of introducing the space Q‘;O’Awo and the internal probability measure ,u;)O’AwO is

to match the agents in Ay; to the agents A;, randomly. The probability measure M;O’Awo is
trivially extended to the common sample space €)s.
Define an internal probability measure Py on 2 = Qg x €1 x 9 with the internal power

set Fy by letting

A OJ(),A f A_ e CUJO
Py ((wo, A, wo)) = pa(wo, A) X " (wa) i .
0 otherwise.

For (i,w) € I x Q, let 7(i, (wo, A, w2)) = wo(i) and
g(i,w) = {O‘O(W(ivw)) if w(i,w) # i
’ J if (4, w) = i.

Denote the corresponding Loeb probability spaces of the internal probability spaces (€2, Fo, Po)
and (I x Q,Zy ® Fo, Ao ® Py) respectively by (Q, F, P) and (I x Q,ZXF, AKX P). Since 7 is an
internal function from I x  to I, it is Z X F-measurable.

Denote the internal set {(wo, A wr) €Q:wy € Ny, AeC wy € QgO’A} by Q. By the
construction of Py, it is clear that Py (Q) = 1. By its construction, it is clear that w is an

internal random matching and satisfies part (i) of the lemma.

Step 4: It remains to prove parts (ii) and (iii) of the lemma. Define an internal process f from
I x Q to SU{J} such that for any (i,w) € I x Q,

W) = wo(7) if 70(i) =i
firw) {ao(ﬂo(i)) if 70(3) # 4.

It is clear that if a"(i) = k and 7°(i) = 4, then

P(fi=1)=P(fi=1) = po(wo(i) = 1) = G(l) = qu,
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which meanﬁ that P(f; =) = °qy;. Similarly, we have P(f; = J) = °ng. It is also obvious
that for ¢ # j in I, f; and f; are independent random variables on the sample space (2, F, P).
The exact law of large number as in Lemma implies that for P-almost all w = (wp, A, ws) € Q,
A{al(i) = k, 7°(i) = i,wo(i) = I}) = °py;-°qr holds for any k,1 € S, and A\({a®(i) = k,n%(i) =
i,wo(i) = J}) = °pry - °nk, which means that

A R | A0 1B
]\Zl ~ PrrQrl = Pk ~ ]\l; and ]\Z >~ Pp k- (44)

Let Q be the set of w = (wg, A, ws) € Q such that Equation holds. Then, P (Q) =1, and
hence P <Q N Q) =1

Fix any w = (wo, A,w2) € QN Q; then A = A“0 for some A € C“0 and wy € Q‘;O’Awo.
For any k # 1 € S, we have
1 (VL BE1) g,

~ Pryqrl ~ —~— and
P M

3 ~

M

Azl Az

~p , 45
M PkJqkk ( )

which also implies that -
1Be'l . B’
~ = PeJNE = ~.
M PR M

For any i € Iy, i € A;} if and only if m(wp, A, w2) = wa(i) € A}°; and i € B if and

only if m(wo, A“9,wq) = we(i) = J. Hence, for the fixed w = (wg, A“?,wq), and for any
k,l € S, we can obtain that if i € AY? C A, f(i,w) = wo(i) = | = a®(wa(4)) = g(i,w); if
i € B C B, f(i,w) = wo(i) = J = a®(w2(i)) = g(i,w). For any i € I\(Ugesly) which
means (i) # i, we can obtain that f(i,w) = a®(7%(7)) = a®(7(i,w)) = g(i,w). It is clear that
the set {i € I : f(i,w) # g(i,w)} is a subset of |J;cq (A7 \ A7), which has A-measure zero by
[@).

By the fact that P <Q N Q) = 1, we know that for P-almost all w € €,

Aiel: fi,w)=g(,w)) = 1.

Since the Loeb product space (I x ©,Z X F, AKX P) is a Fubini extension as discussed in
Subsection the Fubini property implies that for A-almost all i € I, g(i,w) is equal to
f(i,w) for P-almost all w € Q. Hence g satisfies part (i) of the lemma. Let I be an Z-
measurable set with A(I) = 1 such that for any i € I, g;(w) = fi(w) for P-almost all w € Q.
Therefore, by the construction of f, we know that the collection of random variables {g;}, ; is
mutually independent in the sense that any finitely many random variables from that collection

are mutually independent. This also implies part (iii) of the lemma. =

Proof of Theorem We follow Lemma @ Let o be an internal type function from I to
S such thaﬂ Ao ({a°(i) = k}) ~ py for any k € S. Let (i) = i for any i € I. Given that

49Recall that for a bounded hyperreal number z € *R, °z is its standard part.
S0For any given p € A, the atomless property of Ao implies the existence of such an .
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matching probability function ¢ from S x S to Ry with }° _gqr < 1 and prgw = piqi for
all k,1 € S, the condition pgyqr ~ pryqk in the statement of Lemma [7] is obviously satisfied.
It is clear that the random matching m and the probability measure P constructed in Lemma
satisfies all the conditions in Theorem [l Let a be a”. Then a and m, which are defined
on a Fubini extension (I x Q,ZX F,AX P), are a type function and an independent directed
random matching with respective parameters p and ¢q. For each w € 2, since 7, is an internal
bijection on I and \g is the hyperfinite counting probability measure on Zy, it is obvious that

T, is measure-preserving from the Loeb space (I,Z, \) to itself.

E.2 Proof of Theorem [5l

What we need to do is to construct sequences of internal transition probabilities, internal
type functions, and internal random matchings. Since we need to consider random mutation,
random matching and random type changing with break-up at each time period, three internal
measurable spaces with internal transition probabilities will be constructed at each time period.
After the construction, we need to check the satisfiability of Markov conditional independence
for each step.

In contrast to the settings in |[Duffie and Sun! (2007)), the matched agents considered in
this paper may form an enduring partnership after the matching step. Matched agents will
not participate in the search process until they break up. During their partnership, a matched
agent and her partner may change their types with correlation. Therefore, one needs to keep
track of those matched agents and their partners at each step, which means to work with
extended-type processes that incorporate the types of the agents and their partners in this
paper rather than simply the type processes of the agents in Duffie and Sun| (2007). This
brings substantial difficulties in the construction of the dynamical system and the proof of the
property of Markov conditional independence for the extended-type processes.

Let Tp be the hyperfinite discrete time line {n}* , and (I,Zo, A\g) be the agent space,
where I = {1,..., M }, Zp is the internal power set on I, \g is the internal counting probability
measure on Zy, M and M are unlimited hyperfinite numbers in *No,. We transfer the sequences
of numbers b",0",0™,¢",n € N to the nonstandard universe to obtain b", 0™, ¢",¢",n € *N.
The transfer of the sequence of functions ¢",n € N to the nonstandard universe is denoted
by *¢",n € *N. Then, for any k,l € S, *q}; is an internal function from *A to *[0,1]. Let
dy(p) = (Cqy)(p) and 0 =1 =3, g q4(p) for any k,l € S and p € *A. Note that an object
with an upper left star means the transfer of a standard object to the nonstandard universe.

We shall first consider the case of an initial condition II' that is deterministic. Let

VE' ~ pj; for any k € S and | € SU{J},

{Akl}(k Des be an internal partition of I such that
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and |Ay| = |Ajx| and |Agg| are even for any k,I € S. Let a” be an internal function from
(I,Zy, \o) to S such that a%(i) = k if i € Uiesugsy Aki- Let 70 be an internal partial matching
from I to I such that 7%(i) =i on (J,cg A, and the restriction 7°| 4,, is an internal bijection
from Ay to Ay for any k,l € S. Let
) {a°<w°<z‘>> if 70(7) # i
J if 70(i) = i.
It is clear that Ao({i : a®(i) = k, ¢°(i) = I}) ~ pY, for any k € S and [ € SU {J}.

Suppose that the dynamical system D has been constructed up to time period n — 1 €
*N. That is, {(Qm, Fm, Q) }or—? and {a!, 7'}/ have been constructed, where each Q,, is a
hyperfinite internal set with its internal power set F,, @ an internal transition probability
from Q™71 to (U, Fm), ¢! an internal type function from I x Q3~! to the type space S, and
7! an internal random matchm@ from I x Q3 to I. Here, Q™ = [T5%, ©;, and {w;}72; will
also be denoted by w™ when there is no confusion. Denote the internal product transition
probability Q1 ® Q2 ®- -+ ® Q@ by @™, and Q7 F; by F™ (which is simply the internal power
set on Q™). Then, Q™ is the internal product of the internal transition probability @, with
the internal probability measure Q™.

We shall now consider the constructions for time n. We first work with the random
mutation step. Let 3, o = S (the space of all internal functions from I to S) with its
internal power set F3, o. For each i € I, w33 € Q373 if " 1(4,w?"3) = k, define a
probability measure 7‘”3"73 on S by letting 7w3n73 (1) = by, for each I € S. Define an internal
probablhty measure an 2 on (S?, F3,_2) to be the internal product measure [Licr ¢ w7 et

(I x [P0 ) — S be such that @" (i,w®"™?) = wzp_2(i). Let §" : (I x [P 0 )
S U{J} be such that

. (i’ w3n—2) _ {O_én(ﬂ’n_l(i, (.4.)3”_3), w3n—2) if ﬂ‘n_l(i, w3n—3) 75 i

g J if 77 1(i,w3n3) = .

Let pl'sn—2 = Ao ( alsn 2, gwgn_g)_l be the internal cross-sectional extended type distribution
after random mutation.
Next, we consider the step of directed random matching. Let (3,1, F3n_1) = (Q, F),
where (€2, F) is the measurable space constructed in the proof of Lemma For any given
w? 2 € Q"2 the type function is @";,_,(-) while the partial matching function is 7723_”1_3( -).

We can construct an internal probability measure an 1 = ) and a

A 3n—2T, "in_3d" (Al 3n—2
3n—1
directed random matching 7. T 0 (g _s) by Lemmal Let 7™ <I g ) by Qm) —1

51To handle the deterministic case at the initial step with I = 0 (31—1 = —1 and 3] = 0), one can let Q° = Q!
be a singleton set.
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be such that

—n (;  3n—1 -
T 1, W = T~ — (= 1, W3n—
( ’ ) 0‘33n72’7r23r}73’q"(933n72)( »Wan 1)7

~n(=n(; , 3n—1 3n—2 e =n(; 3n—1 :

i VAR S
Now, we consider the final step of random type changing with break-up for matched
agents. Let Q3, = (S x{0,1})! with its internal power set Fs,,, where 0 represents “unmatched”
and 1 represents “paired”; each point ws, = (w%n,wgn) € 3, is an internal function from I to
S x {0,1}. Define a new type function o™ : (I x Q") — S by letting a™(i,w’") = wi (). Fix
w3l € O3"=1 For eachi € I, (1) if 7"(i,w3" ') = i (i is not paired after the matching step at
time n), let ngnA be the probability measure on the type space S x {0, 1} that gives probability
one to the type (a"(i,w®2),0) and zero for the rest; (2) if #"(i, w3 1) # i (i is paired after
the matching step at time n), @ (i,w?"2) = k, 7"(i,w®" 1) = j and a"(j,w?"2) = I, define
a probability measure Tg’jgnil on (S x {0,1}) x (S x {0,1}) such that 7_;]}'3”71 (K, 1),(',1)) =
(1=0p)op (k' 1) and 7557 (K, 0), (I',0)) = O3ycp; (K" )sf (') for k', 1" € S, and zero for the rest.
Let A%, ={(i,j) € I x I :i < j, 7"(i,w® ') = j} and B, = {i € I : 7"(i,w" 1) = i}.

Define an internal probability measure Q‘ggnfl on (S x {0,1})! to be the internal product

3n—1

measure
H nggnfl ® H T’E}{Sn71‘
iEBZ3n71 (i’j)EAZ&Lﬂ
Let
7Tn@ w3n) _ J if ﬁ”(i,w?)n—l) =Jor w%n(z) =0 or wgn(fr”(i?w?’”—l)) —0
’ 7" (4, W?’n*l) otherwise.
and

T e T .
e = {1 T
It is clear that 7™ is a random matching and Equation holds.
Keep repeating the construction. We can then construct a hyperfinite sequence of in-
ternal transition probabilities {(Q, Fm, @m)}2M, and a hyperfinite sequence of internal type

m=1
M
n=0"

Let (Ix M T F3M \g®Q@Q3*M) be the internal product probability space of (I,Zy, \g)
and (M F3M 3M) Denote the Loeb spaces of (Q3M, F3M 3M) and the internal product
(I x M Ty @ FM N\ @ @Q3M) by (3M | F, P) and (I x Q*M T X F, AKX P) respectively. For
simplicity, let Q3™ be denoted by ©, Q3 be denoted by Py. As discussed in Subsection
the Loeb product space (I x Q,ZX F, AKX P) is a Fubini extension.

functions and internal random matchings {(a”, ")
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In the following, we will often work with functions or sets that are measurable in
QM F™ Q™) or its Loeb space for some m < 3M, which may be viewed as functions or
sets based on (Q3M, F3M Q3M) or its Loeb space by allowing for dummy components for the
tail part. We can thus continue to use P to denote the Loeb measure generated by Q™ for
convenience. Since all the type functions, random matchings and the partners’ type functions
are internal in the relevant hyperfinite settings, they are all Z X F-measurable when viewed as
functions on I x €.

For n = 0, the initial independence condition in the definition of Markov conditional
independence in Subsection [A22] is trivially satisfied. Suppose that the Markov conditional
independence are satisfied up to period n — 1 € N. It remains to check the Markov conditional
independence for each step of random mutation, random matching, and match-induced type
changes with break-up in period n.

For the mutation step in period n, fix any (a1,71),(ag,72) and (ki,1}), (KL, 18),t =

1,...,n—1in S. For any agents ¢ and j with ¢ # j, we can obtain that

P (B? = (alvrl)agg} = (ag,’f’g),ﬁf = (kiali%ﬂ; = (k§7l§>7t = 17 cees— 1)

3n—3

= /Dsng Q5o (B"(6,w™ %) = (a1,m1), B"(J,w??) = (a2,12)) Q> (")
- /DSnS %’u:;i;s (B”(,L"w?ﬂl—Q) = (alarl)wén(jawsn_Q) = (a2a 7"2)) dQSn_3((JJ3n_3)
+/ Qs (B"(1,w™" %) = (a1,m1), B"(j,w*" %) = (az, 1)) dQ* 3 (w*"?),

where

DI = w3 81w = (K], 10), B (j, ) = (Kb, 1), t =1,...,n— 1}

D3 = {8 (1,00 # 4, B W) = (K1), B w™) = (K1), e =1,... 0 — 1}

——=3n—3 n— n—1y/- n— . . .
Dy = {7 a4, = 4, B, W) = (KL, 1), BTG, W) = (KY. 05),t=1,...,n— 1}

Fix any agent ¢ € I. It is clear that ﬁf]n -3 ﬂﬁ?ﬂ_g = () for different j and j'. Then there are at

most countably many j € I such that P(EZ-I_S) >0. Let FP" 3 ={jeTl:j+#i, P(ﬁf;_g) =
0}; then /\(Fi?’"_?’) =1. Fixany j € FZ.3”_3. The probability for agents ¢ and j to be partners is

zero at the end of period n — 1. When agents i and j are not partners, their random extended
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types will be independent by the construction of Q3n 2 Hence, we can obtain that

P (an = (al,rl),Bf = (az, ), = (k{,li),ﬁ; = (Kb, 15, t=1,...,n— 1)
3n 3

= [ () = (an,m). B G ) = (a2,1) Q)

w3n—3

:/D3” 3@3;erd (Bn( - 2) (a177"1)) an 2 (ﬁn(], n— 2) (QQ,T‘Q)) dQ3n73(w3n73)

N /DSn 3322 121" l(al’7“1)325*_121271(a2,7“2)dQ3n_3(w3”_3)
NP(D?m 3)323 12171 1(a1,7’1)B£’n n- 1 (ag,m2),
where
ror ifl,se S
Bi’?‘2(7‘, S) = b};br fl=s=J
0 otherwise.

Thus, for A-almost all agent j € I,
P (B = (ar1,r1), B} = (az,r) | B = (KL, 1), 80 = (K8, 18),t = 1,...,n — 1)
—B;:’Z 12ln 1(01,7“1)an - 1(az,72). (46)

Note that for any i € I,
P(/B? = (a1,r1),5?—1 = (k?—l’l?—l)) ~ /3 Qgs" 23 (Bn(i,WSn_Q) — (a1,7"1)) dQSn—i’)(an—S)
E.
= [ B m)dQ W) PER BN (ar,m),
ESn—S
where B3 = {w33 : gn=1(i,w?3) = (k771,177 1)}. Then, we have

P(B! = (a1,m) | B = (k71 077h) = B,‘:’Z fln (a1,71). (47)

Hence, Equations and in the definition of dynamical system are satisfied. By Equation
, we can obtain for each ¢ € I, and for A-almost all j € I,

P (B = (a1,m1), B} = (ag,r2) | B = (K}, 10), B = (kb 1), t =1,...,n — 1)
= P (B = (ar,m) | 87 = (k100 1))P(5§‘=(a2ar2)|5” b= (kT 1))-(48)

Hence, Equation in the definition of Markov conditional independence is satisfied.

For the random matching step in period n, fix any (aq,7r1), (ag,r2) in S x S and any
(kL,1t), (KL, 15) in S for t = 1,...,n — 1. Fix any w®" 2 € Q32 Let A¥ ={iel:
ﬂzgj},g (1) #i}. By Lemma 1 (i), we know that

3n—3

3n2

Q5,1 <w3n—1 € Qa1 17" (4, ("2 wgp—1)) = 7" (4w %) for any i € Aw%*g) =1,
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which implies that Equation holds.
Lemma [2| and Equation imply that the extended type process 3" is essentially
pairwise independent. It follows from the exact law of large numbers in Lemma [I] that for

P-almost all w32 € Q372
P2 2 ) = A () =BG @) =BG, (49)
Then Equation (17)) is equivalent to
P(gi =1lai =k g =J)=qy(").

Since paired agents do not match in this step, their extended types will not change. Thus, to

verify Equation , we only need to prove, for the event

An = {B;ﬂ = (ab‘])vB;L = (a27‘])a /th = (kﬂialﬁ)a 5; = (k‘éalé)vt = 1a ceey N — 1}7

that

P(an = (CL17T1)7E§L = (az,m2) | An)
=P (B = (a1, 1) | B = (a1,)) P (5 = (a2,72) | B} = (a3,.])) .
Fix any k € S. If p}'; = [, P(B!" = (k, J))dA(i) = 0, then P(B" = (k,J)) = 0 for A-almost all

agent ¢ € I, which means that Equation automatically holds. It follows from the continuity
requirement above Equation that

pv’ralqugl’l‘l (ﬁn) = ﬁgqugl’r‘l (ﬁn)

3n—2

for P-almost all w € 03"=2. Suppose Py, s > 0 and py, ; > 0. Hence, we can obtain that

for P-almost all w3~2 € Q32 ¢ (") ~ ¢ . (5") and G2, (") ~ g, ().

66



We can now derive

[ 1P (e = ). By = (a0, B2 = (01,957 = (@2, ).
Bl = (K, 1), 85 = (R, 15), 6 =1, ,n = 1)
iy (5") G, () P(DE2) | dA()AAG)
= e (@7 @6 =G =)
@y (@) Gy (5" 2) ) Q2w 2) | dho()dNo(i)
<[] e Ben T @ e = g G ) = )
@, (p”<w3"—2>>qm (7" (@™ 2) | dQP 2w %) da() doli)

3n—2 ,_ . _
/Q3 2// D3~ 2( ‘Qg’n_l (gn(z,w?m D =1y, 5", W 1)—7“2)

iy, (@) iy (7772 | dXo) AN () dQP (w72, (50)

where

D = {2 hg) s AW ) = (a1, ), B (5w ) = (a2, ),
Bt(ivw?)t) ( lt) ﬁt(]7 3t) (k%lt) = 7"'an_1}7

DS}"‘Q is the (4, j)-section of D32, and 1.2 is the indicator function of the set 1 3.2 in
3 ]

Q3"=2. By Lemma [7] (iii), it is clear that for A-almost all i € I, for A-almost all j € I, and for

3n—2 c D{%n—Z

any w , we have

3n2

Q5 (@66 Y = 1, 70,0 = 1) 2 G, (WD) @, (@)

Hence, the last term of Equation is equal to an infinitesimal. Therefore, the first term of
Equation is equal to zero, which implies that for A-almost all i € I

P(BY = (a1,r1), B = (az,72) | An) = @iy, (5") Gy (57 (51)

for A-almost all j € I.
Fori € I, let E}"% = {w"=2: 3"(i,w’2) = (a1, J)}. We can obtain that for A-almost

all i € I, and for any w2 ¢ E}"2

P (B? = (a1,m), B = (a1,J)> ~ [E?mQ gJZ’SQ (7"(i, 1) = 1) dQPn2(wPm2),

and Q3Zn 12 (: (i, w3 1) = rl) ~ Qo (ﬁ”(w3n_2)). Hence, we can obtain that for A-almost all
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P <Ezn = (a1,m),B;' = (al,J)>
/EB Q3Zn 12 (:n@?wgnil) = 7’1) dQ3n72(w3n72)

12

~ /Egn 2(]217"1 (,0 ( 3n— 2)) dQSn 2( 3n— 2) P(E3n Q)Qam (ﬁn) .
Therefore, we have for A-almost all i € I,

P (B = (@,r) B = (a1.9)) = diyr, (57 (52)

Since p™(w3"~2) ~ p" for P-almost all w32 € Q32 Equation implies Equation .
Combining Equations and together, we have

P(B = (a1,m1), B = (a2,72) [ An) = @y, (5") G, (5°)
= P (B = (ar,r) |8 = (a1,0)) P (B} = (a2.72) | B} = (a2, ) .
Hence, Equation in the definition of Markov conditional independence is satisfied.
For the step of type changing with break-up in period n, fix any (a1,71), (a2, 7r2), (x1,91), (x2,¥2),
and (ki 1%), (kb 15),t = 1,...,n — 1 in S. For any agents ¢ and j with i # j, we can obtain
that
P(@” = (a1,m1), 8} = (az,72), BT = (xlayl)aé? = (72, 2),
Bl = (K1), 81 = (Kb 1)t =1,...,n — 1)
~ /D Q8 (8w = (ar,m), B7(,w™) = (az,72)) dQTT (W)
ij

= /D3 Qs (B"(i, ™) = (a1,m1), B"(j, ™) = (az,72)) dQ* ! (w* 1)

+/;3" 1 Q?’Zn l (Bn(i’wgn) = (alarl)vﬁn(ja w3n) = (a27’l“2)) dQ3n_1(w3n_1)7

ij

where

D%n_l = {w3n71 : Eﬂ == (x17y1) E;L = (m27y2)7
/8 (Z w3t) ( iaﬁ)?ﬂt(jawgt) = (ké’lg)’t = 1’ R L 1}’

Q%n = fwd w6, £ B = (2 m), = (72, 2),
B0, w™) = (K1, 10), B' (G, w™) = (K, 1), t =1,...,n — 1},
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7on—1 n—1 ., -n¢; n— . an an
Dy = {wn (i, = Bi" = (z1,51), B} = (22, y2),
BY(i, ™) = (k1) B(j,w™) = (Kb, ), ¢ = 1,...,n — 1}.

Fix any agent i € I. It is clear that E 'n Dgn ' = 0 for different j and j'. Then

there are at most countably many j € I such that P(D3n 1) >0, Let B ={jel:j#
i P(D3n 1) = 0}; then A\(F"!) = 1. Next, fix any j € F?""'. The probability for agents
1 and j to be partners is zero at the matching step in period n. When agents ¢ and j are
not partners, their random extended types will be independent by the construction of Q‘gsn

Hence, we can obtain that
P(BZL = (alaTl)aﬁn (CLQ,T‘Q) B (xluyl) Bn (3727y2),
B = (K1, 1), 85 = (R, 15), ¢ =1, ,n = 1)
= /DS Q37jn ' (6 (i’w?m) = (alarl)w@n(jawsn) = (a27r2)) dQSn_l(w?m_l)
ij

w3n—1

= [ @ () = () @5 (8™ = (a2,72) dQ W)

- /D3n 1 Bg?yl (a1, Tl)B:%Zyz (ag,72) ngn_l(wgn_l)

NP(DSn hYB (a1,m1)Br, (as,72),

r1Y1
where
(1 -0y (r,s) ifl,seS
BY(r,s) = { 07 (r) ifleSands=J
Sk (r)ds(s) ifl=J.

Therefore, for any ¢ € I, and for A-almost all j € I,

P</87,n = (al,rl),,@? = (a27r2) ‘ B@n - (x17y1>7/§? = (33271/2)7 (53)
B = (K10, B = (K, 15), 6 =1,...,n—1)
= Bi?yl (al,rl)B§2y2(a2,r2) (54)

Note that for any agent i € I,

Snl

P(B} = (a1, ), B = (x1,11)) ~ /Esn Q5. (B"(,w) = (a1,m)) dQ* 1 (W)
- /E3" 1Bg?y1(a1,r1)dQ3”*3( e 3) P(Egn 1)B§?y1(a1,r1),
where B = {win En(iyw?’”_l) = (x1,y1)}. This implies that

P(B;" = (a1,m1) |an = (21,91)) = Bglyl(ahrl)

69



Hence, Equations , and in the definition of the dynamical system D) are satisfied.
By Equation , we can obtain for each ¢ € I, and for A-almost all j € I,

P(ﬁin = (a1,m1), B = (az,m2) | BY = (x1.31), BY = (22,12,

B = (K10, 8L = (R, 1), = 1,0 —1)

=P (ﬁ? = (a1,m)| B = ($1,y1)> P (ﬁgn = (az,r2) | B} = (xz’y2)> :

Hence, Equation in the definition of Markov conditional independence is satisfied.

In summary, we have shown the validity of Equations to , and to .
Hence D is a dynamical system with the Markov conditional independence property, where the
initial condition TI° is deterministic. Note that, for each n € N and w € €, since 7" and 7"
are internal bijections on I, it is obvious that n° and 7} are measure-preserving from the Loeb
space (I,Z,)\) to itself.

Finally, we consider the case that the initial extended type process ° is i.i.d. across
agents. We shall use the construction for the case of deterministic initial condition. We choose
n = —1 to be the initial period so that we can have some flexibility in choosing the parameters
in period 0. Assume that at n = —1, all agents have type 1, and no agents are matched.
Namely, the initial type function is o' = 1 while the initial matching is 7~ = i.

Denote ZTESU{J} p'gr by pg For the parameters in period 0, let

0 Jix if k=1
bkr - .
(5k(T’) if k 7é 1,

D) — 4 7 (Pl Phgr) i iy # 0,38 # 0 and ) 0
0 otherwise,

o (K1) = 8K (), sO(K') = 6k(K'), and 69, = 0 for any k,k',1,I' € S. Following the

construction for the case of deterministic initial condition, there exists a Fubini extension

(I x Q,ITKF,AX P) on which is defined a dynamical system D = (II")?°_, that is Markov

conditionally independent with the parameters (b",q", o™, 60™)5%,.

By Lemma 4] 59, = 6,;(1)f2. It follows from part (2) of Theorem [4| that,

0 0P 0
2kl = Pk o = Pris
Py

Loneny = 1= 2w = L= >0 =
les les

Therefore, for A-almost all i € I,
0 _ _ 0 _ -1 _ -1 _ _ 0 _ 0
P(B; = (k1)) = P(B; = (k, )| 8, = (L)) P(B; = (LJ)) = 20150y = Phi
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for any k € S, 1 € SU{J}. Part (3) of Theorem {4| implies the essential pairwise independence
of 8°. Thus, we can simply start the dynamical system D from time zero instead of time —1

so that we can have an 4.7.d. initial extended type process 3°.

E.3 Proofs of Propositions [2| and

In this subsection, the unit interval [0, 1] will have a different notation in a different context.
Recall that (L, L, x) is the Lebesgue unit interval, where x is the Lebesgue measure defined on
the Lebesgue o-algebra £. We shall prove Proposition [5| first. The proof of Proposition [2| then
follows easily.

Note that the agent space used in the proof of Theorem [5|is a hyperfinite Loeb counting
probability space. As shown in Proposition[6] a hyperfinite index set of agents has the external
cardinality of the continuum. The purpose of Proposition [5]is to show that one can find some
extension of the Lebesgue unit interval as the agent space so that the associated version of
Theorem [ still holds.

Fix a Fubini extension (f X Q,f X F, AKX P) as constructed in the proof of Theorem
Following Appendix A of |Sun and Zhang (2009) and Appendix B in Duffie and Sun/ (2012), we

can state the following lemmaﬂ
Lemma 8 There exists a Fubini extension (I x Q,ZX F,AX P) such that:

(1) The agent space (I,Z,\) is an extension of the Lebesgue unit interval (L, L, ).

(2) There exists a surjective mapping @ from I to I such that p=1(i) has the cardinality of
the continuum for any% el and © 1s measure preserving, in the sense that for any A € i’,

¢ 1(A) is measurable in T with X' (A)] = A(A).

(8) Let ® be the mapping (p,1dq) from I x Q to I x Q, that is, ®(i,w) = (p,1dg)(i,w) =
(p(7),w) for any (i,w) € I x Q. Then ® is measure preserving from (I x Q, TR F,\K P)
to (I x 0, 7R F, AR P) in the sense that for any V € TR F, (V) is measurable in
IR F with AR P)[®~1(V)] = (AR P)(V).

Denote the MCI dynamical system with parameters (b,q,0,¢,0) and a deterministic
initial condition, as constructed in proof of Theorem |5 by D. For that dynamical system, we
add a hat to the relevant type processes, matching functions, and partners’ type processes. We

shall follow the proof of Theorem 4 in Duffie and Sun (2012]).

~

Proof of Proposition Based on the dynamical system D on the Fubini extension (I x

"2Parts (2) and (3) of Lemma are taken from Lemma 11 in [Duffie and Sun| (2012).
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Q,f X F, AKX P), we shall now define, inductively, a new dynamical system D on the Fubini
extension (I x Q,ZX F, AKX P).

For any i,7 € I with i # i, let @ be a bijection from 0 1(1) to ¢ 1(7'), and 0" be
the inverse mapping of @b, This is possible since both () and ¢~1(i') have cardinality of
the continuum.

Let a® be the mapping &°(¢) from I to S,

O/ i I
™ (i) —{ O#(0) ) (j)

and ¢°(i) = a® (7°(:)) = ¢°(¢(4)). By the measure preserving property of ¢ in Lemma 8] we
know that 3° = (a?, g") is Z-measurable type function with distribution p° on S x (S U {J}).

For each time period n > 1, let @ and o™ be the respective mappings a"(®) and &"(®)
from I x Q to S. Define mappings 7", and 7" from I x 2 to I such that for each (i,w) € I x §,

o B i if T
(i, w) = Q@) T () if &

O TN () it A(o(0)) # (i)
When 77(¢(i)) # @(i), 77 defines a full matching on @~ (H?), where H” = I —{i : #,(i)" = i},
which implies that 7%(i) # i. Hence, 7" is a well-defined mapping from I x Q to I. For the

)= { e it 77(0(0)) = o(3)

same reason, 7" is well defined.
Since ® is measure-preserving and a’ and @™ are measurable mappings from (I x Q,ZX

F, AKX P) to S. By the definitions of & and o™, it is obvious that for each i € I,

Oé—Oz

Next, we consider the property of 7" and 7. Fix any w € Q. Let H} =1 —{i: 7]’ = i};
then H" = ¢ '(H"). Pick any i € H" and denote 7(i) by j. Then, ¢(i) € H". The
definition of 7™ implies that j = ©¢®): 7(¥())(5). Since O 75(¥()) is a bijection between
Cyiiy and Crn (i), it follows that ¢(j) = ¢(nj(i)) = 75(p(i)) by the definition of ¢. Thus,
j = ©¢:#0)(4). Since the inverse of @¥(): ¢() is @), ¢())  we know that ©¥0): #()(j) = .
By the full matching property of 77, ¢(j) # (i), ¢(j) € H" and 77(¢(5)) = ¢(i). Hence, we
have j # i, and

() = e¥0); frﬁ(w(j))(j) — @v); #(1) (j) = i.

This means that the composition of 7, with itself on H/} is the identity mapping on H/}, which

also implies that 7} is a bijection on H'. Therefore 7% is a full matching on H} = I — {i :
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We define ¢g" : I x Q@ — SU{J} by

{a”(ﬂ”(i,w)) if 771, w) # i

"1, w) =
91w =4 it 7 (4, w) = i.

As noted in the above paragraph, for any fixed w € Q, p(7/2(i)) = 72 (p(3)) for i« € H?. When

w

we have (i) ¢ H”, and 77(i) = i, 7"(¢(i)) = @(i). Therefore, p(a"(i)) = 7" (¢(i))
for any i € I. Then, for any (i,w) such that @]* # 1,

§(i,w) = A (1, 0)), ) = G (F (p(0), ), ) = 7 (9(),0) = 5 (B) (i),
For any (i,w) such that 7" =,
9"(i,w) = J = §"(p(i), w) = §"(®) (i, w).

We can prove that g"(i,w) = §"(®)(i,w) and §"(i,w) = g"(®)(i,w) in the same way. Hence,
the measure-preserving property of ® implies that ¢" is Z X F-measurable. The previous three

identities on the partners’ processes also mean that for any i € I,

93 (+) = 9y (), ?J?('):ﬁZ(i)('), i (+) 252(¢)(')-
Since a" = @"(®) and g" = §"(®), Equation implies that for A-almost all ¢ € I,
P} = ke, gl =lb|aj™ =k, g/ =l) = P = ke, Gy = Ll alg = ki glg =)

n n
k1k2 l1l2'

Similarly, we can obtain that for A-almost all 7 € I,

P(a} = ke, gl =rla) ™ = ki, g7 = J) = b} 4, 05(r),

i
P(gi =llai =k, gi" = J,p") = qu(p"(w)),
Pl =l,9; =r|aj = k1,9 = J) = 5, (1) 04(r),
Plaj =l,g; = J|ai = k1,9;" = k2) = 0, 1,5, (11),
Pl =1, =l | &) = k1,5 = ka) = (1 — 0% 1,) 0%k, (11, 12).

Therefore, D is a dynamical system with random mutation, directed random matching and

type changing with break-up and with the parameters (p°, b, ¢, 0,5, ).
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It remains to check the Markov conditional independence for ID. Since the dynamical
system D is Markov conditionally independent, for each n > 1, there is a set I' € 7 with
A(I") = 1, and for each i € I’, there exists a set E; e 7 with S\(El) = 1, with Equations
to being satisfied for any ¢ € I’ and any j € E’Z Let I' = ¢ Y(I'). For any i € I’, let
E;i = YE 0@i))- Since ¢ is measure-preserving, A\(I') = A(E;) = 1. Fix any i € I', and any
j € E;. Denote (i) by i and ¢(j) by j. Then, it is obvious that 7 € I"and j € E’l Therefore
Equations (23] to are satisfied for any i € I’ and any j' € E;. Therefore the dynamical
system D is Markov conditionally independent.

Now, we check the measure-preserving property as stated in Footnote Let Z'XF =
{(B' CIxQ:B =& 1(B)forsome B € X F}. By Lemma 8| 7/ and 7/ K F are sub
o-algebras of 7 and ZX F respectively. Note that o™, &", g", g" and g™ are still measurable on
(IxQ,7T"KF, \KP), then the dynamical system D is also Markov conditionally independent on
(IxQ,T"®F,AK P). Note that, for each n € Nand w € Q, 47 and 7" are measure-preserving
from the Loeb space (f,f, 5\) to itself. Therefore, for any A € 7',

M(m2) 71 (A)) = Ao((m) 71 (A)) = M(FE) ~H((A))) = A(g(A)) = A(4),

which implies that 7™ is measure preserving. We can prove that 7" is measure preserving on
(I xQ,7"XKF,A\X P) in the same way.

By using exactly the same proof as that given at the end of the proof of Theorem [5] we
can have an 4.i.d. (instead of deterministic) initial extended type process 8° in the statement

of this proposition. =

Proof of Proposition 2t In the proof of Proposition [5| take the initial extended type distri-
bution pY, = prds(1). Assume that there is no genuine random mutation. Then, it is clear that
PY = prds(l) for any k € S. Consider the random matching 7! in period one.

Fix an agent ¢ with a%(i) = k. We have P(a; = k) = 1, P(g} =1) = qu and
P (5711 = J) = 1. Similarly, Equation implies that the process g' is essentially pair-
wise independent. By taking the type function « to be o, the matching function 7 to be 7!,

and the associated process g to be g', the proposition holds. =

53The measure-preserving property as stated in Footnotes [16| and [19] can be checked by using the same idea.
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