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Asset Pricing with Heterogeneous Consumers

George M. Constantinides

University of Chicago and National Bureau of Economic Research

Darrell Duffie

Stanford University

Empirical difficulties encountered by representative-consumer mod-
els are resolved in an economy with heterogeneity in the form of
uninsurable, persistent, and heteroscedastic labor income shocks.
Given the joint process of arbitrage-free asset prices, dividends, and
aggregate income, satisfying a certain joint restriction, it is shown
that this process is supported in the equilibrium of an economy with
judiciously modeled income heterogeneity. The Euler equations of
consumption in a representative-agent economy are replaced by a
set of Euler equations that depend not only on the per capita con-
sumption growth but also on the cross-sectional variance of the indi-
vidual consumers’ consumption growth.

I. Introduction and Summary

The primary testable implications of equilibrium in a representative-
consumer Lucas (1978)—type exchange economy are the set of Euler
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equations of consumption. The model fares poorly in explaining se-
curity prices. Mehra and Prescott (1985) pointed out that the model
predicts a mean equity premium that is too low and a mean interest
rate that is too high, given the observed low variability of aggregate
consumption growth. In formal tests of the conditional Euler equa-
tions, Hansen and Singleton (1982), Ferson and Constantinides
(1991), and others rejected the model even though no a priori upper
bound is imposed on the relative risk aversion coefficient. Thus the
poor performance of the model is unmitigated even by unconvention-
ally high values of the relative risk aversion coefficient. The Euler
equations are also rejected by the diagnostic tests of Hansen and
Jagannathan (1991).

Within the representative-consumer framework, a number of gen-
eralizations have been suggested to mitigate the poor empirical per-
formance of the model. They include time-nonseparable preferences
(Constantinides 1990; Ferson and Constantinides 1991; Heaton
1993); recursive preferences (Weil 1989; Epstein and Zin 1991); state-
nonseparable preferences (Nason 1988; Abel 1990); rare-event de-
clines in aggregate consumption (Rietz 1988); transaction costs (Lutt-
mer 1993; He and Modest 1995); and the combined assumptions
of consumer heterogeneity and incomplete consumption insurance
(Mehra and Prescott 1985).

Full consumption insurance implies that heterogeneous consumers
are able to equalize their marginal rates of substitution state by state
and, at least for consumers with von Neumann—Morgenstern prefer-
ences, that the equilibrium of a heterogeneous-consumer, full-
information economy is isomorphic in its pricing implications to the
equilibrium of a representative-consumer, full-information economy
(see Wilson 1968; Constantinides 1982). The full consumption insur-
ance hypothesis is suspect given that certain types of insurance, such
as unemployment insurance, are conspicuously nonexistent. Direct
tests using disaggregated consumption data clearly reject the hypoth-
esis. (See Attanasio and Davis [1993] for most recent tests and a re-
view of the literature. Earlier work includes Cochrane [1991], Mace
[1991], Altonji, Hayashi, and Kotlikoff [1992], and Townsend
[1992].)

The joint hypothesis of incomplete consumption insurance and
consumer heterogeneity offers the prospect of enriching the pricing
implications of the representative-consumer model. However, extant
research along these lines suggests that the potential enrichment is
largely illusory. Building on models by Bewley (1982) and Mankiw
(1986), Lucas (1991) and Telmer (1993) calibrated economies in
which consumers face uninsurable income risk and borrowing or
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short-selling constraints.! They concluded that consumers are able to
come close to the complete-markets rule of complete risk sharing,
even though consumers are allowed to trade in just one security in a
frictionless market.

Aiyagari and Gertler (1991) and Heaton and Lucas (1992, 1994a,
19945) added transaction costs or borrowing costs in economies with
uninsurable income risk and concluded that consumers are still able to
come close to the complete-markets rule of complete risk sharing, un-
less the ratio of the net supply of bonds to aggregate income is restricted
to an unrealistically low level. These models deliver an unrealistically
low mean equity premium or an unrealistically high interest rate,
given a realistic ratio of the net supply of bonds to aggregate income.

A common feature of these models, largely responsible for the
negative results, is the assumption that the time series of the ratio of
each (symmetrically distributed) consumer’s labor income to aggre-
gate labor income, I,/I,, is a stationary Markov process with low per-
sistence. Thus the statistical distribution of I,;/I; (for consumer i
at some future date T > f) converges to the statistical distribution of
Ii7/11 (for consumer j) as T increases, irrespective of the values of
I /1, and I/I,. The convergence is faster, the lower the persistence
of the Markov process. With low persistence in the Markov process
and the availability of at least one market, consumers come close to
equalizing their consumption at time T, irrespective of the values of
I/1, and I,/I,. They also come close to equalizing (across consumers)
the marginal rates of substitution between any two times. When trans-
action costs and borrowing costs are introduced in the model, con-
sumers largely circumvent these costs by maintaining an inventory of
bonds. To close this loophole, one needs to restrict the net supply of
bonds to an unrealistically low level.

In this paper we relax the assumption that the time-series process
of each (symmetric) consumer’s ratio of labor income to aggregate
income is a stationary process. We demonstrate that the joint hypoth-
esis of incomplete consumption insurance and consumer heterogene-
ity enriches the pricing implications of a representative-consumer
model, even without introducing borrowing constraints, short-sale
restrictions, borrowing costs, transaction costs, or an unrealistic re-
striction on the net supply of bonds. For consumers ¢ and j, the statis-
tical distribution of I,;/I; does not necessarily converge to that of

! See also related work by Scheinkman and Weiss (1986), Ben-Zvi and Sussman
(1989), Imrohoroglu (1989), Scheinkman (1989), Duffie (1990), Heston (1991), Hug-
gett (1991), Marcet and Singleton (1991), Danthine, Donaldson, and Mehra (1992),
Weil (1992), and Mehrling (1994).
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I7/17 as T increases. Optimal consumption at each date generally
differs across consumers. Also, the marginal rate of substitution be-
tween any two dates generally differs across consumers. The pricing
implications differ substantially from those in a representative-
consumer model.

We consider an exchange economy with a single nondurable con-
sumption good serving as the numeraire. There is a fixed number
of securities, which are claims to given net dividend processes, and
default-free discount bonds of a large range of maturities. The securi-
ties are in a fixed positive supply and the bonds are in zero net sup-
ply.? Consumers are endowed with heterogeneous income processes
consistent with a given aggregate income process, as in Mankiw
(1986). We model the individual income processes as nonstationary
and heteroscedastic, with the conditional variance of the individual
income shocks given by a judiciously chosen function of the state.
Consumers have homogeneous preferences represented by a time-
and state-separable von Neumann—Morgenstern utility function with
a constant subjective discount rate and a constant relative risk aver-
sion coefficient. Essentially, we consider an exchange economy with
conventional consumer preferences, given dividend processes and an
aggregate income process. Our degree of freedom is in the choice of
individual income processes consistent with the given aggregate in-
come process. Even though consumers may trade the securities and
bonds in perfect markets, these markets are generally inadequate for
full consumption insurance.

The equity premium puzzle, the risk-free rate puzzle, and the em-
pirical rejection of the representative-consumer conditional Euler
equations are subsumed by the question whether the observed joint
process of dividends, aggregate income, and prices of securities and
bonds is consistent with equilibrium in an economy with incomplete
consumption insurance and consumer heterogeneity.

The main result of this paper is a proposition demonstrating, by
construction, the existence of individual income processes, consistent
with the given aggregate income process, such that the equilibrium
security and bond prices match the given security and bond price
processes. The proposition holds provided that a certain restriction
on the joint processes of dividends, aggregate income, and prices
holds. We stress that this restriction is not merely technical but has
economic content. (We discuss in due course the extant empirical tests
that fail to reject it.) Furthermore, the assumed individual income
processes, the equilibrium individual consumption processes, and the

2 The assumption that the bonds are in zero net supply is an innocuous convention:
Any default-free bond in positive net supply is included in the set of “securities.”
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resulting cross-sectional distributions of individual income and con-
sumption are testable using panel data on individual income and
consumption.

The contribution of this paper is theoretical. However, by provid-
ing a set of conditions that suffice to support in equilibrium the ob-
served price processes, this paper provides a set of testable hypothe-
ses. For example, the model predicts that a potential source of the
equity premium is the covariance of the securities’ returns with the
cross-sectional variance of individual consumers’ consumption
growth, a source that is (under typical conditions) irrelevant in an
economy with full consumption insurance.

The paper is organized as follows. The economy is defined in Sec-
tion II. The equilibrium is derived and the main proposition is stated
in Section III. The economic interpretation is given in Section IV.
The cross-sectional distribution of consumption is discussed in Sec-
tion V. Concluding remarks are offered in Section VI. Technical
aspects of the proof of the main proposition are relegated to Appen-
dix A, and technical aspects of the cross-sectional distribution of con-
sumption and income are relegated to Appendix B.

II. The Economy

We consider an exchange economy with a single nondurable con-
sumption good serving as the numeraire. There are n securities (equi-
ties, corporate bonds, and so on) indexed by j. At time ¢, security j
pays a net dividend of d;, and has ex-dividend price P;. Let d =
d,...,d,)and P = (P, ..., P,) denote the n-dimensional dividend
and price processes. Let D, = 27_, d, denote the net aggregate divi-
dend. Each security is in fixed positive supply. We normalize the
supply of each security to be one.

There are also default-free discount bonds of all maturities less
than or equal to a fixed integer T. The fact that T is finite plays no
essential role. The par value of each bond is one unit of the consump-
tion good. Let B, = (B, ,,r, . . . , B,,+)) denote the T-dimensional
bond price process. Define also B, = (B re+7—1)- We assume that the
bonds are in zero net supply.

We denote by A the set of consumers.? In order to take advantage

® Mankiw and Zeldes (1991), Bertaut (1992), and Blume and Zeldes (1993) docu-
mented that only a small fraction of consumers hold any equity at all and that an even
smaller fraction of consumers have substantive holdings in equities. We do not attempt
to model here the behavior of nonstockholders but focus only on stockholders. The
set A of consumers refers only to the subset of stockholders. Then the aggregate labor
income of consumers should be understood as the aggregate labor income of consum-
ers in the subset of stockholders.
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of the law of large numbers, we assume that there is an infinite num-
ber of distinct consumers.

Consumer ¢ is endowed with labor income I; and consumes C;, at
time ¢. The aggregate labor income is I,, and the aggregate consump-
tion is C, = I, + D,. We assume that I, + D, > 0 for all times ¢.

Underlying our model is an increasing sequence {$,: ¢t = 0, 1,2, ...}
of information sets. We may choose to include in ¢, any random
variables on which the information available at time ¢ to an econome-
trician is based. At a minimum, we specify that ¢, contains the aggre-
gate labor income history, the securities’ dividend histories, and the
securities’ and discount bonds’ price histories.

The information set &, available to consumers at time ¢ is the union
of the information set ¢, and the disaggregated labor income history
{I,:i € A, 0 <5 < 1}. Potentially, it is objectionable to require each
consumer to keep track of the labor income history of every consumer
in the economy. In our model, however, it turns out that the same
equilibrium obtains whether consumers have access to other consum-
ers’ income histories or not.

At time ¢, consumer ¢ holds a portfolio 6;, = {8,:7 = 1, ..., n} of
shares of securities. By assumption, consumers enter at period 0 with
symmetric endowments in the securities. That is, 6, _, = 8, _, for all
(i, k). At time ¢, consumer ¢ also holds a portfolio b, = {b;:j = n +
1,...,n + T} of discount bonds. By assumption, consumers enter
period 0 with zero endowments of bonds; thatis, b, ., = (0,0, ...,

0). The budget constraints are
Co=1I1,+8;, P, +d)+b,, 'Et — 0,
.Pt_bit.Bt’ t=0,1,....

Of course, 8, and b, must be in the information set %,. We restrict
consumers to bounded trading strategies.

Consumers have homogeneous preferences represented by a time-
and state-separable von Neumann-Morgenstern utility function with
a constant relative risk aversion coefficient, o, and a constant subjec-
tive discount rate, p, giving utility

@D

o

E[(l —a)t Y ek

t=0

9’*0] ; @)

where a > 0. (We associate a = 1 with logarithmic preferences in
the usual fashion.) An optimal strategy for consumer i is a strategy
(8;; b;, C;) maximizing the utility given by (2) subject to the budget
constraint (1).

An equilibrium is a security and bond price process (P, B) and
optimal strategies {(8;, b;, C;): ¢ € A} for the consumers given (P, B)
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such that the security and bond markets clear, meaning =, 0, =1
and 2;c, by = O for all j and ¢. Market clearing implies that £, , C,,
=C,=1, + D, forall ¢.

We shall take as given the securities’ dividend processes, d, the
aggregate labor income process, I, and the parameters a and p of the
consumers’ homogeneous preferences. In the next section we present
conditions that imply the existence of an equilibrium supporting
given price processes for the securities and bonds, by judicious choice
of the consumers’ labor income processes.

II1. Equilibrium

Since the absence of arbitrage is a necessary condition for the exis-
tence of an equilibrium, we assume outright that the given price pro-
cesses for the securities and bonds are arbitrage-free. Under mild
technical conditions that can be deduced from the work of Harrison
and Kreps (1979), Kreps (1981), Duffie and Huang (1986), Delbaen
and Schachermayer (1992), Clark (1993), Santos and Woodford
(1994), or Schachermayer (1994), the absence of arbitrage (given only
the econometrician’s information) implies the existence for each ¢ of
a strictly positive (but not necessarily unique) M, in the information
set ¢,, such that, for any time ¢,

1 N .
Pjt=M_E|:Z dyM, ¢>,], j=1,...,n, 3)
¢ s=t+1
and
1 [ ]
Bi.=—E|M, || s=1,....T 4
L+ Mt t+ t ()

We shall call a process M, satisfying (3) and (4), a pricing kernel.
We assume the existence of a pricing kernel M satisfying the trans-
versality-like condition

EM]—0 as t—wm, (5)

Condition (5) is innocuous, since it simply states that the price of
every discount bond tends to zero as its maturity tends to infinity.
We impose a second condition on M, that is substantive.

PriciNG KERNEL CONDITION.

My (Ct+l>—u
=P , t=0,1,.... 6
M =\ ¢ (6)
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This condition implies an Euler inequality of aggregate consumption
for every limited liability security, bond, or portfolio of securities and
bonds with return R, , from time tto ¢t + 1:

C 1 me
el ()

(For example, the return of security j is R, = [P;,,, + d :+1]/ »)
Extant diagnostic tests failed to reject equatlon (7) The prlcmg ker-
nel condition remains, however, a hypothesis to be subjected to fur-
ther empirical scrutiny.

Consumer ¢ has labor income I, at time ¢ defined by

@ =9,C,— D, (8)

%]51, R, =0. )

where

¢ 2
s
3 = exp[z (n,-.gys - ;)] ©)
9 M, c, \1"
=5 [log( ) +p+ oclog( )] , (10)
a® + a M, Ciy

and the “shocks” {n,;} have the following properties: (a) distinct sub-
sets of {n;} are independent and () for all i and ¢, m, is standard
normal and independent of &,_, and y,. Condition (6) guarantees
that y, is a well-defined process.

We want to set up our model so that the law of large numbers can
be invoked to obtain 2;c4 3; = 1, which would imply by (8) that the
aggregate income /, at time ¢ is indeed equal to its definition, Z;c 4 ;.
Since, for any standard normal variable m and any constant &, we
have E[exp[nk — (k¥/2)]] = 1, the law of large numbers implies
almost surely, given the independence of y, and the shocks {n,}, that,
for any sequence {3,,, 8, . . .} of the income ratios {3} defined by

(8), we have
1 N
lim N nél d

N-owx

* Whereas the Euler equalities of aggregate consumption have been rejected by Han-
sen and Singleton (1982), Ferson and Constantinides (1991), Hansen and Jagannathan
(1991), and several others, the Euler inequalities of aggregate consumption (7) have
not. While addressing a different set of issues than consumer heterogeneity (namely,
solvency constraints), Cochrane and Hansen (1992), Luttmer (1993), and He and Mod-
est (1995) performed diagnostic tests of the Euler inequalities (7) and failed to reject
them with economically plausible values of the risk aversion coefficient.
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Thus, if one were to take a sequence of economies with increasing
numbers of consumers, we would attain our goal in the limit. We
prefer to deal with a particular economy rather than a sequence of
economies and therefore place special structure on our set A of agents
so that we can rigorously obtain the conclusion that, with probability
one, 2;c, 8, = 1. This is done by choosing the set A of consumers
in a mathematically careful way, in conjunction with the underlying
random variables. There are several alternative constructions that
have been proved to work. Rather than going into the technical de-
tails here, we merely refer the reader to the results of Green (1989).5

The following proposition is our main result.

ProrosiTiON 1. Under conditions (5) and (6), there exists an equi-
librium with no trade that supports the given price processes of the
securities and discount bonds.

The formal proof is given in Appendix A. We give below the gist
of the argument. We first calculate the marginal rates of substitution
of consumer ¢ with no trade. We then calculate consumer #’s private
valuation of security j under these rates of substitution and demon-
strate equality of this value with the given price of security j. This
demonstrates that no trade is indeed an equilibrium and that this
equilibrium supports the given price processes.

Under the no-trade conjecture, the marginal rate of substitution
of consumer 7 between dates ¢t and ¢ + 1 is

e_‘,(Ci,:H)—u _ e_p<1i,t+l + Dt+l>_a
C, I, + D,

g‘P(Ct+1)_aex —a( . _&>
Ct p 7]1,;+1)’t+1 2 .

Consumer ¢’s private valuation of security j at time ¢ is thus

T N (A
Pjt(’)—E (j,t+l+ j,t+l)e C

t

3 Specifically, we take the set A of consumers to be a nonatomic measure space that
is determined jointly with the probability space on which the random variables are
defined. The sum Z; 8, is then merely notation for the integral [, 8,du(i) for the
associated measure . defining weights on subsets of consumers. The typical unit inter-
val “continuum” of agents with the usual equal weighting of intervals of equal lengths
will not work. Aside from technicalities, we could have relied on the alternative models
of a law of large numbers for large economies of Feldman and Gilles (1985), Judd
(1985), Uhlig (1990), or Anderson (1991). There is a distinction here from Green’s
work in that we apply his results ¢ by ¢, conditional on F,. Since there is only a countable
set of times to consider, these extensions of Green’s results are straightforward.
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yt2+l -
X exp| =\ MN; e 1Ye1 — T ¥,

oG\ "
=E (Pj,t+l +dj,t+l)e . C Zy| %, |,

t
with the law of iterated expectations, where

Vi1
Z,= E[CXP[ —a('ﬂi,t+1yt+1 - 'L;—)] ‘ F,U {yl+l}:|'

Using the independence property & above, we calculate that

2
y
Z,= E[exp[ _0‘<Tli,t+1yt+l - %)]

+ 1
ooz ]

— ep<ct+1)u <Mt+l>
Ct Mt '

Substituting Z, into the expression for ﬁj,(i), we obtain

]
o]

Since ¢, and %, differ only by conditioning variables that play no role
in computing these conditional expectations, it follows that ﬁj,(i) =
P, completing the claim that the private valuation by consumer : of
security j is independent of the consumer’s identity, and is equal to
the posted price P, in the market. (For the optimality of no trade,
there is also a technical transversality argument left to App. A.) This
verifies that no trade is indeed an equilibrium.

The no-trade implication of the equilibrium is counterfactual and
merits discussion. The idiosyncratic income processes are modeled as
in equations (8)—(10) with the unabashed goal to obtain a tractable
equilibrium with a closed-form solution (C; = 8,C,) to the equilib-
rium consumption processes. The reader may find it more palatable
to think of these idiosyncratic consumption processes as “posttrade”

F,U {yt-l-l}]

Bi) = E| (P, + d. ) i
\t) = (j,t+l j'Hl)—E

From the definition of M,

t+1

M,

Pjt = E[(Pj,t+1 + dj,t+1)
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consumption allocations, and it is this interpretation of the model
that is pursued in the next section.

IV. Economic Interpretation

The main economic implication of proposition 1 is summarized by
the Euler equation

C —a
B Bye() exp| 220yt 'dn] =1, an
t

where R; ., = (P;,+, + d;,41)/P;. To derive this, we first state the
Euler equation of consumption of consumer : for security j:

Ci, 1 -
£ [Rf““e_p< c, )

We then write consumer #’s consumption as

Cy,=1,+D,=3%,C, (13)

93,] =1. (12)

which follows from the no-trade result of proposition 1 and equation
(8). We substitute (13) into (12) and simplify by performing a set of
calculations similar to those performed in the proof of proposition 1.
This yields (11).

The term 32, in equation (11) is interpreted as the variance of the
cross-sectional distribution of log[(C;,,,/C,.)/(C,/C,)]. To see this,

note that
lo (Ci,t+1/ct+l> =1o <8i,z+1>
S\ ClC, 8\ s,

2
Jr+1
= Misidr1 ~ 5~ Gyeq.[9)  (19)

yt2+l
~N(‘T’y?+1>-

The term y2,; may be estimated from panel data on consumption.
Then equation (11) becomes testable. Note also that, since y2,, = 0,
equation (11) implies equation (7), which was discussed earlier as a
testable implication of the pricing kernel condition (6).

We consider some special cases of equation (11). If consumers are
homogeneous, then y2,, = 0 and equation (11) reduces to the familiar
Euler equation of consumption in a representative-consumer econ-
omy. If consumers are heterogeneous and
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C
¥, =a+ blog( Hl), (15)
C,
then equation (11) reduces to
C -a&
E[Rj,tﬂe—b( gl) ¢t] =1, (16)
t
where
A a((x2+ l)a 17
and
b=o- wb. (18)

We observe that the Euler equation of consumption is isomorphic
to the Euler equation of a representative-consumer economy, but
with the subjective discount rate and risk aversion coefficient modi-
fied as in equations (17) and (18). If an econometrician were to esti-
mate a representative agent’s Euler equations without explicitly ac-
counting for consumer heterogeneity, the econometrician would be
either overestimating or underestimating the subjective discount rate
and the risk aversion coefficient.

If, for example, the variance of the cross-sectional distribution of
consumption growth increases in economic downturns (C/C,_; < 1),
then b is negative and & > a. An econometrician who does not take
into account the consumer heterogeneity in estimating equation (16)
would be overestimating the risk aversion coefficient. We stress, how-
ever, that consumer heterogeneity of the particular form represented
by equation (15) is of limited economic interest because representative
consumer Euler equations of the form (16) are rejected by the data
even when the range of the parameters p and & is unrestricted in the
estimation.

We return to the general case and define Ry, to be the return
from time ¢ to ¢t + 1 of a riskless security. Then we may express the
expected excess return of security j as

COV(R]',H.l, Hm—l‘d’t)
E[H|d]

Ciet) © +1
H, = ( éH) exp[gﬁg—?———)y?H]-
¢

E[Rj,t+l|¢t] - RF,t+1 = - (19)

where
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A security commands a positive (negative) risk premium if its return
has negative (positive) covariance with H,, ;. Thus an econometrician
who is unaware of the existence of uninsurable idiosyncratic income
risk may either overestimate or underestimate a security’s expected
excess return. This finding contradicts a statement in Weil (1992,
proposition 3) that if utility has the power form (as modeled in our
paper), an econometrician who is unaware of uninsurable idiosyn-
cratic income risk will unambiguously understate the magnitude of
the equity premium.

A fundamental problem with the Euler equation implied by a rep-
resentative-consumer economy is that the aggregate consumption
process covaries too little with the securities’ returns. As an extreme
example, consider the case in which aggregate consumption growth
is a constant. The representative consumer’s Euler equation then
states that all assets’ expected excess returns are zero. By contrast, the
heterogeneous consumers’ Euler equation (19) states that a security
commands a positive (negative) risk premium if its return has nega-
tive (positive) covariance with y2, ,. This suggests a potential source
of the equity premium, a source that is assumed away in a representa-
tive-consumer economy.

V. The Cross-Sectional Distribution
of Consumption

A key feature of our model is that shocks to consumers’ income pro-
cesses are persistent. Lack of persistence renders the pricing implica-
tions of the heterogeneous-consumer model similar to those of a ho-
mogeneous-consumer model, as demonstrated by Lucas (1991) and
Telmer (1993).

In our model we have captured persistence by having idiosyncratic
income shocks follow random walks, with the unintended implication
that idiosyncratic incomes are nonstationary processes. Indeed, since
income shocks are permanent and independently and identically dis-
tributed (i.i.d.) across consumers, the cross-sectional distributions of
income and consumption would typically diverge in terms of various
measures of dispersion such as the cross-sectional variance or the
Gini coefficient.

It is an open question whether the cross-sectional distributions of
income and consumption diverge or not. We proceed to demonstrate
that our main result—that of the existence of idiosyncratic income
processes resulting in an equilibrium supporting given price pro-
cesses—does not hinge on the divergence of the cross-sectional distri-
bution of the income and the consumption processes. We sketch the
model and refer the reader to Appendix B for details.
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We model consumers as having random lifetimes. At any time a
consumer survives to the next period with a fixed probability. Survival
is independent across consumers and across time. At death a con-
sumer is replaced by an “heir” to the dynasty, whose idiosyncratic
endowment process is initialized at zero and again follows a random
walk. A key assumption is that a newborn member of a dynasty does
not inherit the exiting member’s security holdings. In each period,
the exiting consumers’ security holdings are redistributed equally
among all newborn consumers across dynasties.

It is shown in Appendix B that a slightly modified version of propo-
sition 1 holds. Also under plausible conditions, the cross-sectional
distributions of income and consumption are stationary and have
finite variance. In particular, one can calibrate the model to yield a
cross-sectional distribution of consumption consistent with the distri-
bution reported by Cutler and Katz (1991, table 10) from Consumer
Expenditure Survey data.

VI. Concluding Remarks

In this paper we selected the period utility function for its convenient
homotheticity properties in characterizing the equilibrium of a
multiperiod, multiagent economy in a tractable way. The incidental
property of convex marginal utility makes necessary the pricing ker-
nel condition (6).° It remains a challenge, at least to us, to explore
tractable multiperiod economies of consumer heterogeneity that are
free from the assumption of convex marginal utility and therefore
from the associated bound imposed on the pricing kernel.

Appendix A

Optimality and Transversality

This Appendix shows that the Euler equation characterizes optimality. We
adapt arguments from Duffie and Skiadas (1994), simplified as in Duffie
(1992, chap. 4).

We call a process & a budget-feasible deviation for consumer i from the
candidate optimum consumption process C; if there exists a budget-feasible
strategy of the form (6, b, C; + k). Our objective is to show, for any such &,
that total infinite-horizon utility U(C; + &) is less than or equal to U(C,). Let
u(-) denote the period utility. Concavity of « implies that (C; + &,) = u(C;)

8 Kimball (1990) motivates the assumption of convex marginal utility in the context
of precautionary savings. Mankiw (1986) and Weil (1992) have also identified the role
of convex marginal utility in heterogeneous-consumer economies.
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+ u'(C;)h, and therefore that

®

U, + k) ~ UC) = E[Z e u(Cy + b)) u(c,-,)]]

=0
E[Z e-v'u'(c,-,)h,].

t=0

(A1)

< A(h)

It is therefore enough to show that A(k) = 0 for any budget-feasible devia-
tion k. For convenience, let w, = ¢ *u'(C;,) denote the “shadow price” process
for consumption. The stochastic Euler equation, already demonstrated, is
written as

E[(Pyyy + dyy )Ty | F,] = w,P, almost surely. (A2)
Likewise, for any ¢t and T > ¢,
E[B,y 1,71 |%] =B, almostsurely. (A3)

In order to obtain the budget-feasible consumption process C; + A, the
consumer must deviate from the candidate no-trade portfolio trading strat-
egy by some risky-asset strategy ¢ and some bond trading strategy b, satisfying
¢_, =0,b_, = 0, and, for all ¢,

he= @, (P, + d) + bt—l'Bt - ¢,-P,— b-B,.
From this, for any ¢, we have
wh, =V, — E[V,.,|%,] almostsurely, (A4)

where V, = m,[¢,_, - (P, + d,) + b,_, - B}, from (A2) and (A3). Adding (A4)
from ¢ = 0 to ¢t = T and using iterated expectations leaves

T
E[Z 'Trtht] = Vo = E[Vpy,]. (AB)
t=0
Next we show that E[V,] — 0 as t — «. For this, we use the fact that the
trading strategy is bounded, so that no more than some number % of any
security or bond is ever held long or short, which implies, with the law of
iterated expectations, that

|EWV| < k8- |E[w/P, + d)]| + kb- E[m,B,]
= k6 -|E[M(P, + d)]| + kb- E[M,B]

= ké-E[Z dex] +RbE[(My Mysyy oo Mys7 1)),
s=t

which converges to zero with ¢ since MoPy = E[Z;; M,d,] is finite and since
E[M,] — 0 by assumption. Indeed, then we have shown that E[V,] — 0. With
this and the fact that Vy = 0, we have A(h) = E[37, w,h] = 0.

This confirms the assertion that any budget-feasible deviation strategy does
not increase utility.
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Appendix B

Cross-Sectional Distributions in a Dynasties Model

The model is modified from that of the text by assuming that, at any time ¢,
any consumer will survive to the next period with probability ¢. At death,
the consumer is replaced with another. Survival is independent across con-
sumers and across time. This can be modeled more precisely as follows. We
assume that there is a space A of “dynasties” of consumers. The kth consumer
of dynasty a € A lives from the stopping time r(a, & — 1) to the stopping
time 7(a, k), where 7(a, k) = 2k ¢, and {{,;: a € A, 1 <j < o} is a family of
geometrically distributed random variables (lifetimes), each of parameter ¢,
that is independent in both @ and j and ®-independent.

In order to account for the probability of death, we modify condition (6)
as follows.

PriciNG KERNEL CONDITION.

M, e_p( D, +1, )'“ f=19 (B1)
M, e D,y +1,_,) "’ R

The kth consumer in dynasty a € A has the labor income process I} defined
by

t 2
Ys
k= (Dz+1:)exp[ E (nﬂy:——g)] - D,

s=1(g,k—-1)+1
T(a, k- 1)=st<nv(a,k) (B2)

=0 otherwise,

where {n,: ¢ € A, 1 = ¢ < «} is 1.i.d. standard normal jointly in @ and in ¢
and is independent of ®, and

= ]2 [10(M'>+ ~logq + ab ]m (B3)
. «ltal B\M,_) T P78 S

81, = log(D, + I,) = log(D,-; +1,_) (B4)

where

is the growth rate of aggregate consumption.

As in the main model, we can choose our set A of consumers so that the
law of large numbers can be applied, equating the total labor income I, avail-
able at time ¢ to the sum of the individual labor incomes across all consumers
alive at a given time ¢, in that, for arbitrary % and a,

z I', = E[I*|v(a, k = 1) st <1(a, k), d,] =1, almostsurely. (B5)
i=1 a€A

This calculation uses the fact that the fraction of consumers that have been
alive at time ¢ for any given number m of periods is a constant f, ,, almost
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surely, and within that cohort, which is itelf nonatomic, the idiosyncratic
component of labor income is i.i.d. with mean zero. As in note 5, the notation
2 ,e4 is to be interpreted as an integral over the space of dynasties.

All consumers have the information filtration ¥ = {%,;:¢t =0,1,2,.. .}
with

F,=0,U{l; My L, <):a €A 0=s5=1},

meaning that, in addition to ¢,, consumers are informed of all births, deaths,
and endowments as they occur.

We endow the kth consumer of dynasty a at his or her “birth date” 7(a, %
— 1) with no bonds and with the security portfolio 8. The kth consumer in
dynasty a can adopt a strategy (8, b, C) in the form of a bounded R"-valued
%-adapted security trading process 6, a bounded F-adapted bond trading
process b valued in R, and a consumption process C that is subject to the
analogue of (1) given by

C,=1I4+0,_,-(P,+d)+b_,-B,—9,
‘P~ b,B,, 7t(a,k-1)=<t<7(ak), (B6)
=0 otherwise.

where 0,4, ,_1) = 8 and bri-1y-1 = 0. At death, a consumer’s portfolio of
bonds and securities is confiscated and used for purposes of endowing new
agents at birth. (The model would work identically if each agent’s portfolio
were bequeathed to the successor agent of that dynasty, provided that there
is no utility for bequests.)

A budget-feasible strategy (6, b, C) for the kth consumer in dynasty a is
optimal if there is no other budget-feasible strategy (8', &', C') with U(C") >
U(C). Because of our informational assumptions and the fact that Cf, is con-
strained to be zero except during the lifetime of the kth consumer in dynasty
a, maximization by that consumer of U(C) is equivalent to maximization by
that consumer (state by state, at birth) of

1 T{a,k)—1
0=kt o
t=1(a,k—1)

g‘r(a,k—l)] . (B7)

An equilibrium is a price process (P, B) and a collection {(8%, bf, C):
a € A, 1 = k < o} of optimal strategies for the respective consumers such
that, at any time ¢, markets clear:

®

Z z (82, 6%, C%) = (8,5,C,) almost surely. (BS)

k=1 a€A

ProrosiTiON Bl. Let any pricing kernel M satisfying (B1) be fixed with
E[M,] — 0. Suppose that I{ is defined by (B1) for each a and k. Then there
exists an equilibrium with no trade and the prices implied by M.

The Euler equation (11) is modified to

Coit\ "
E[R,-,me‘ﬁ(—(‘,t—l) exp["‘(—"‘;-’—l—)y?+l]’¢t]=1, (B9)
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where p = p — log g. The economic interpretation of the Euler equation
and the testable restrictions on securities’ rates of return remain unchanged.

The cross-sectional consumption distribution at time ¢ has a cumulative
distribution function F, defined by letting F,(r) denote the fraction of the
consumer population alive at time ¢ whose ratio of individual to per capita
consumption,

_ Cz(a,t),t

Sat = - ’

C,

(B10)

is less than or equal to 7.

Because of our independence assumptions, the law of large numbers im-
plies that the age distribution converges over time to a steady-state cross-
sectional age distribution that is the same as the probability distribution of the
lifetime of a given consumer. This allows us to show that the cross-sectional
consumption distribution converges, as a function of the history y* =
(Y5> Ye=1» » + + > Yo» Y1, Y2, - . .) of “aggregate shocks” to a time-invariant
function of y’. (The “prehistory” y_,, y_s, . . . is arbitrary and plays no role
other than notational.)

In order to show this, we fix a dynasty @ and compare the cross-sectional
consumption distribution at time ¢ with the probability distribution of the
idiosyncratic consumption shock of the current generation of dynasty a,

t y2

§
sa,Eexp[ Z YsNas — 5] (B11)

s=1(a,k(a,t)—1)
Given the history of “aggregate shocks,” these two distributions converge.
This can be shown as follows. For a given infinite sequence z = (z4, 2, . . .)
of real numbers, a given integer T = 0, and a given number 7, let (r|2)
denote the probability that £]_, z;€; — (2#/2) is less than or equal to 7, where
{e;} is ii.d. standard normal. Given our assumptions, the probability that s,,
= 7, conditional on y, is almost surely

t—1
ey = > mr0rly)Qe T, (B12)
T=0

where Q(t, T) denotes the probability that ¢ — t(a, k(a, t) — 1) is T, which
does not depend on a or 3/, and converges exponentially fast with ¢ to
(1 — ¢)q". Since w(r|2) is bounded above by one and below by zero, this
implies that, as ¢ goes to infinity, II(r|¢, z) converges for each fixed z to

el =(1-q) > mrlrl2)g"
T=0

Likewise, the probability that s,, = r given y* converges to II(r|y") almost
surely.’” Since y' itself depends on ¢ (which is going to infinity), this statement

7 We could also consider the unconditional distribution of s,,. Under the assumption
that y is a stationary process, log s, defines a regenerative process, as defined by
Asmussen (1987, p. 125). By Asmussen’s proposition 1.1 (p. 126), s, is therefore also
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should be read as follows: For any 7, the difference between I(r|y?) and the
conditional probability that 5, < r given y' goes to zero as ¢ goes to infinity,
almost surely.

By the law of large numbers, since {s,,: @ € A} is i.i.d. given y', the cross-
sectional distribution of consumption converges as well to II(:|y*). That is,
for any r, the difference between I1(r|y’) and the fraction of current consum-
ers whose consumption is no larger than a fraction r of average consumption
goes to zero as ¢ goes to infinity, almost surely.

Thus, as opposed to the model in the text, the asymptotic cross-sectional
consumption distribution for the model in this Appendix exists for each state
of the world. Of course, if y is itself an “exploding” process, the cross-sectional
consumption distribution can have a “fat tail.” Under purely technical condi-
tions, however, this cross-sectional distribution can have a finite mean and
variance, state by state. In order to see this, let us first compute, for each
integer T = 1,

2
y‘]

N yi-1
mi(y) =E [CXP<Z €Y1 ~ —2—>

s=0

T-1
el
s=0

9 M, C,
ool i - towo 7 + () atn(2) |

using telescopic cancellation. Under the asymptotic cross-sectional distribu-
tion function I1(:|y’), the cross-sectional second moment of consumption ra-
tios with a given infinite history y' is then

E[2ly)=(1- ¢ Z g m(y")

=(1-9 > expy,
T=0

where

ol +a-—2 2 [ ( M, ) ( C, )]
=>———"tlogq + lo +1tp+alogl=—])]|. (BI13
4 g9t o lo8\ar,) Tt elsig )| B

aZ+ o

a regenerative process. Since the survival probability is constant and is in (0, 1), the
renewal is aperiodic of finite expected lifetime, so Asmussen’s corollary 1.5.5 (p. 128)
implies that the probability distribution of s, converges (in total variation norm). This
is useful, e.g., if one is using asymptotic econometric methods that would exploit the
stationarity of the probability distribution of cross-sectional consumption. It shows, for
instance, that the fraction of consumers whose consumption ratio is in some interval
is a random variable with a converging probability distribution. This fact can also be
ascertained directly from the arguments above.
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Whether or not E[s2,|y'] is finite (or in which states it is finite) depends on
the rates of growth of M, and C, relative to log ¢. Naturally, the greater the
magnitude y? of the idiosyncratic consumption shocks in our model, other
things equal, the greater the death probability necessary to induce finite
cross-sectional moments or to reduce the cross-sectional consumption vari-
ance to a given level.
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