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Continuous-time random matching with a large (continuum) population
is widely exploited in the literature, but has not had a rigorous formulation,
nor a demonstration of its key assumed properties. This paper provides the
first probabilistic foundation for this approach by presenting a mathemati-
cal model of continuous-time random matching and showing its existence
and properties. The agents’ types, which can change due to random match-
ing and random mutation, form a continuum of independent continuous-time
Markov chains. Using the exact law of large numbers, we show how the cross-
sectional distribution of agent types evolves deterministically according to an
explicit ordinary differential equation. Nonstandard analysis is used in prov-
ing the main theorem.

1. Introduction. Because of its tractability, continuous-time independent random
matching among a continuum of agents is a popular modeling framework for a wide va-
riety of applications. This literature commonly assumes that individuals search continuously
over time for interacting partners, independently of each other. The intensity with which an
individual of a given type interacts with counterparties of another given type is specified. The
origins of this general approach can be traced to the 1970s, with models of evolutionary biol-
ogy, money, and labor markets. Extensive further developments have followed over the past
four decades, including applications in game theory and over-the-counter financial markets. '
Throughout, the research literature has exploited the intuitive idea that independence should,
by the law of large numbers for a continuum of independent random variables,” lead to a
deterministically evolving cross-sectional (population) distribution of agent types. While this
is a natural approach, none of this literature or other work provides for the existence of the
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10n evolutionary biology, see Maynard Smith and Price (1973), Taylor and Jonker (1978), and the monograph
by Sigmund (2017). On monetary economics, see Hellwig (1976), Kiyotaki and Wright (1993), Trejos and Wright
(1995) and Zhou (1997). On labor economics, see Mortensen (1978), Diamond (1982) and the book-length treat-
ment by Pissarides (2000). On game-theoretic models, see Benaim and Weibull (2003), Currarini, Jackson and
Pin (2009), and Hofbauer and Sandholm (2007). On over-the-counter financial markets, see Duffie, Garleanu and
Pedersen (2005), Lagos and Rocheteau (2009), Uslii (2019) and the book by Duffie (2012). These are only small
samples of the large respective literatures.
2Mathematical models involving infinitely many agents are also popular in settings that do not involve random

matching. Recent developments include Guéant, Lasry and Lions (2011), Carmona and Delarue (2018), Delarue,
Lacker and Ramanan (2020), Aurell, Carmona and Lauri¢re (2022), all of which are in the mathematical literature
on mean-field games; and, in the economics literature, Hammond (2015), He and Yannelis (2016), Anderson et al.
(2022), Hellwig (2022). In games with infinitely many agents (such as those mentioned here as well as in many
papers discussed in the survey chapter by Ali Khan and Sun (2002)), agents choose their optimal actions and
have payofts that depend on their own actions as well as some societal aggregate. Random-matching models are
distinctly different. Though our modeled matching-intensity function 8 depends on the current cross-sectional
type distribution, the agents in our matching model do not choose actions that affect 6. Moreover, payoffs are not
modeled in our matching setting.
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underlying continuous-time models of random matching at the level of individual agents, nor
the key dynamic properties of the population used in applications.

This paper provides the first probabilistic foundation for these modeling approaches, based
on explicit modeling of random matching, and demonstrating the associated deterministic
evolution of aggregate population properties. In particular, we prove the first available results
on the existence of continuous-time random matching models among a continuum of individ-
uals, demonstrate key properties that have commonly been relied upon in the literature, and
show new properties that link individual-level behavior in these models to population-level
behavior.

Our model, to be formalized later, begins with an atomless measure space of agents whose
properties have a finite set of types. Our main contribution is to construct (with given gen-
eral parameters) a continuous-time independent dynamical system with random mutation of
types over time, pair-wise random matching between agents, and random match-induced type
changes that are defined at the agent level by a random type process and a random matching
process. In particular, agents’ type processes form a continuum of independent continuous-
time Markov chains. Using the exact law of large numbers for a continuum of independent
stochastic processes,” we show that the cross-sectional distribution p; of agents’ types at
time ¢ is deterministic and satisfies an explicit ordinary differential equation. We also show
that there exists at least one initializing cross-sectional distribution of types for which the
population’s cross-sectional type distribution p; is constant over time.

A key primitive of the model is the matching intensity function 6, which specifies the
conditional mean rate 6x;(p;) at which an individual agent of current type k at time ¢ is
matched to some agent of type /. This matching intensity is allowed to depend on the cross-
sectional distribution p; of agents’ types, subject to minor technical conditions. A second key
primitive is the probability distribution ¢i; of the new type of a type-k agent that is induced
by a match with a type-I agent.* This form of match-induced random type change is common
in models and in practice. For example, this approach applies when an uninfected individual
meets another individual with a specific infectious disease, so that the former agent may
become infected with some probability depending on their respective types. This approach
also applies when, in some market, a potential buyer and potential seller of an asset meet to
trade.

Each individual may also experience type changes, unilaterally, via random mutation. For
example, if an individual is infected by some virus, the virus may randomly mutate into
a severe or mild variant, and the expected speed of mutation may depend on traits of the
host individual and the virus. We introduce the third primitive n; € [0, co) specifying the
intensity with which any type-k agent mutates on its own to type /. Mutation allows for
random changes over time in an agent’s traits, preferences or productivity, among other types
of properties.

In order to prove our main results in Theorem 1, we first analyze a general finite-period
dynamic random matching model with finitely many agents. This is done in Section 3. The
properties that we present in that section include an asymptotic Markov property, asymp-
totic independence, and estimations of the relevant conditional probabilities and distributions.
These properties are crucial for the construction of the associated continuous-time matching
models. The proof of Theorem 1 makes extensive use of basic results in nonstandard analy-
sis,” of which a brief introduction is provided in Section 4 for the sake of readability. Then, in

3See Theorem 2.16 in Sun (2006).

4 Similarly, the probability distribution of the new type of the type-/ agent is ¢j;. In general, ¢; need not equal
Slk-

SFor a comprehensive introduction to nonstandard analysis (and the construction of Loeb measures as used
in this paper), see the first three chapters of Loeb and Wolff (2015). Nonstandard analysis has been used to
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Section 5, using techniques in nonstandard analysis, we transfer the finite model developed
in Section 3 to a hyperfinite model with infinitely many agents® matched during each in-
finitesimal time interval with infinitesimal probabilities. Theorem 1 is proved by eliminating
the infinitesimals. For the sake of readability, complicated proofs of technical approximation
results regarding the general finite-matching model, as stated in Sections 3.1 and 3.3, are
provided in Appendix B in the Supplementary Material, Duffie, Qiao and Sun (2025).

One of the main difficulties in the proof of Theorem 1 is to estimate various cumulative
effects associated with correlations and randomness for different stochastic processes over
infinitely many periods with infinitesimal time length.” In Appendix A, we present Lemmas
A.1-A.3 concerning a general class of discrete-time stochastic processes, which can be ap-
plied in different settings and help us streamline the proofs of some technical approximation
results stated in Section 3.3. By rounding off some infinitesimals, we obtain a continuous-
time random-matching model with a standard atomless probability space as the agent space.
The advantage of working with a limit model of continuous-time independent random match-
ing is that these associated correlations and randomness disappear completely, leading to
properties of the model that are simple to calculate and convenient for modeling applications
in various fields of study.

2. Model and results. The set of agents is specified by an atomless measure space
(I,Z,x). Without loss of generality, the total mass A(/) of agents is 1. The set of states
of the world is given by a probability space® (2, F, P). A key modeling concern is that for
a continuum of random variables, independence and joint measurability with respect to the
usual product space (I x Q2,Z ® F, . ® P) are in general not compatible. For applications
such as ours, one can work instead with a Fubini extension (I x Q2,7 X F, A X P), which
extends the usual product probability space while retaining the Fubini property, allowing a
change in the order of iterated integrals.”

For some finite number K > 2 of agent types, let S ={1,2, ..., K} and let A be the set of
probability measures on S, which can be viewed as the simplex in the Euclidean space RX .
The time domain R is the set of nonnegative real numbers (R4 denotes the set of positive
real numbers) with its Borel o -algebra BB. The four parameters of the model are

study calculus (see, e.g., an online textbook Keisler (2007)), continuous time stochastic processes such as Poisson
processes in Loeb (1975), Brownian motion and Itd processes in Anderson (1976), Perkins (1981), and Keisler
(1984), and Markov processes in Duanmu, Rosenthal and Weiss (2021). For recent applications of nonstandard
analysis to other areas, see, for example, Jin (2015) in number theory, Loeb (2020) in potential theory, Duanmu
and Roy (2021) in statistics. In the proof of Theorem 1, nonstandard analysis is only used in Section 5.

SDuffie, Qiao and Sun (2018, Proposition 6) shows that a hyperfinite index set of agents has the usual cardinality
of the continuum.

TDiscrete-time models of random matching are considered in Duffie and Sun (2007) and Duffie, Qiao and
Sun (2018); see also Section 5 of Duffie, Qiao and Sun (2018) for a discussion of some related papers on more
specialized models of random matching in static and discrete-time settings. Unlike the delicate analysis associated
with continuous-time random matching in this paper, there is no need to consider the cumulative effect of multi-
period random matching in discrete-time models.

8We follow the convention that a probability space or other measure space such as (I,Z, A) or (2, F, P) is
countably additive.

9See Doob (1937, 1953) on the measurability issue associated with a continuum of independent random vari-
ables. We apply a resolution of this issue that is based on the Fubini extension in Section 2 of Sun (2006). A
probability space (I x 2, W, Q) extending the usual product space (I x Q,Z ® F, A ® P) is said to be a Fubini
extension of (I x Q,Z ® F, . ® P) if for any real-valued Q-integrable function g on (I x 2, W), the functions
gi =g(i,-) and g, = g(-, ) are integrable respectively on (2, F, P) for A-almost all i € [ and on (/,Z, A) for
P-almost all w € ©; and if, moreover, [o g; dP and [; g, d) are integrable, respectively, on (,Z, 1) and on
(2, F, P), with [;,8d0 = [;(Jq 8 dP)dL = [q(J] 8w d))dP. To reflect the fact that the probability space
(I x 2, W, Q) has (I,Z, 1) and (2, F, P) as its marginal spaces, as required by the Fubini property, this space
is denoted by (I x Q,ZX F, L X P).
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(i) The initial cross-sectional distribution p° € A of agents’ types.
For any k and [ in S:

(ii) A mutation intensity n,; € [0, 00) for k # [ specifying the intensity at which any
type-k agent mutates to type /.

(iii) A continuous matching intensity function 6;, : A — R specifying the intensity
6,,(p) with which any type-k agent is matched to some agent of type /, whenever the current
cross-sectional agent type distribution is p € A. This function satisfies the mass-balancing
requirement p,6,,(p) = p,0,, (p) that the total aggregate rate of matches of type-k agents to
type [ agents is of course equal to the aggregate rate of matches of type-/ agents to type-k
agents. We also require Lipschitz continuity'” for the mapping D0 (p) from A to R.

(iv) A probability distribution ¢;; € A of the new type of a type-k agent that is induced by
a match with a type-/ agent. For expositional simplicity, we denote ¢, ({r}) as g;;,. or ¢, (r).

We now introduce two main solution objects of our model: the random type process « and
the random matching process ¢.

(i) The random type process « is a function from I x  x Ry to S such that for any
agent i, state w, and time ¢, the type of agent i is «(i, w, t). We assume that for any i € I,
a; is right-continuous with left limits (RCLL),'! a standard regularity property of stochastic
processes found, for example, in Protter (2004).

(i1) The random matching process ¢ is a function from I x Q x R to /. For any state w,
time ¢, and agents i and j with i # j, ¢ (i, w, t) = j means that agent i met agent j at some
time ¢’ < r and that no other agents met agents i or j during the interval (¢', r]. That is, as of
time ¢, in state w, agent i is the last partner of agent j and agent j is the last partner of agent
i. Thus, for any state w and time ¢, ¢(-, w, t), also denoted by @, (), is a matching (meaning
an involution) on /, in the sense that ¢, (¢, (i)) =i for any i € I. We assume that for any
i €1, ¢; is right-continuous with left limits (RCLL).

Let Tiz;(w, t) be the set of time points in [0, ¢] at which agent i (with her type being k)
meets a type-/ agent. That is,!?

Tiri(w, 1) = {s € [0,1] : gin(s—) # Qin(s) #1,
a(i,w,s—) =k, a(pin(s), 0, s—) =1}.

Define Njj(w,t) to be the cardinality of the set Tjx(w, t) if Tjx(w,t) is finite, and oco if
Tiki(w, t) is an infinite set. In other words, Njg; is the counting process for the number of
matches by agent i, when of type k, to an agent of type /. Then let ®;(¢) be the cumulative
total quantity of matches of agents of any given type k with agents of another given type [ by
time ¢. That is, Oy (w, t) = f] Niri(w, 1) dAr().

Next, we define a mapping R from A to the space of K x K matrices with zero row sum
by

K
(1) Rir(p) = Ny + Zekl(P)S‘kzr fork#r and Ry (p)=-— Z R (p).
=1 leS\{k}

107 mapping V¥ from a subset X of a Euclidean space to another Euclidean space is said to be (globally) Lipschitz
continuous if there is a positive real number C such that for any x,x’ € X, [ (x) — ¥ (x))|| < C|lx — x’||, where
I - || is the usual Euclidean norm.

gt is, for any P-almost all w € Q2 and any ¢ € R, there exists € > 0 such that each « (i, w, -) is constant on
(t —e,t) and [t,t + €), and likewise for ¢ (i, w, -) below.

12For a function f on R, with left limit at s € R, f(s—) denotes the left limit.
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At a given cross-sectional distribution p of agent types, Ry (p) can be viewed as the intensity
of transition of a type-k agent to a type r # k that arises from both mutation and match-
induced type changing.
We will show that the evolution of the expected cross-sectional type distribution is gov-
erned by the K-dimensional ordinary differential equation (ODE)
dx(t)

(2) 7 :X(f)R(X(f)).

Note that for p € A, the rth component of pR(p) is

K K
S PR (p)= > [pknk, +Zpk9k,(p>gkh} -y [p,nrk +Zp,9,,<p>gr,k},

keS keS\{r} I=1 keS\{r) =1

which is Lipschitz continuous on A, by the Lipschitz continuity'? of P9, (p). Further, we
will use the exact law of large numbers (Theorem 2.16 in Sun (2006)) to show that the cross-
sectional type distribution is deterministic almost surely and therefore solves the same ODE
2).

We are now ready to define continuous-time independent dynamical systems with random
mutation, random matching, and match-induced type changes.

DEFINITION 1. For given parameters (p°, 7,0, ¢), a continuous-time independent dy-
namical system D with random mutation, random matching, and match-induced type changes
is defined by a random type process « and a random matching process ¢ with the following
properties:

1. The random type process a : I x Q x Ry — S is (Z X F) ® B-measurable.'*

2. Foranyt € Ry, ¢(-, -, t), also denoted by ¢, (-, -), is a random matching on / x €2 in the
sense that: (i) ¢; (-, -) is a measurable mapping from (/ x Q,ZXF) to (/,Z), (ii) for any w €
2, the mapping ¢ (-) = ¢(-, w, t) is an involution on /, thatis, forany i € I, @ (¢ (i) =1,
and (iii) for P-almost all @ € €2, @, (-) is measure-preserving, that is, k((p;tl (A)) = A(A) for
any AeZ.

3. The cross-sectional type distribution p; at time ¢ is defined by

P =r{i €1:a,1)=k}),

and has the specified initial condition pg = p°. Let p(r) = E[p(r)] be the expected cross-
sectional type distribution.

4. For each agent i, the type process o (i) is a continuous-time Markov chain in S whose
transition intensity!> at time 7 to any type r # a(i, 1) is Rai,r),r(pr). The probability distri-

13 By Kirszbraun’s theorem (see Kirszbraun (1934) and https://encyclopediaofmath.org/wiki/Kirszbraun_
theorem), the Lipschitz continuous function pR(p) from A to RX can have its domain extended to RX to pre-
serve the (global) Lipschitz continuity property. It follows from the global uniqueness result in Theorem 6.1.3
in Applebaum (2009) that the ordinary differential equation in equation (2) has a unique solution with any given
initial condition x (0) € RK . 1f x(0) € A, then Theorem 1 (1) below shows the existence of a solution of equation
(2) in A (which is also unique).

14 A5 usual, (Z X F) ® B denotes the usual product o -algebra of (Z X F) and B.

15 et Cjy, denote the counting process for the cumulative number of transitions of agent i from type k to type r.
As in Brémaud (1981), the transition intensity is defined by the property that for each k and r # k, a local martin-
gale M, is defined by M, (1) = Cigr(2) — fé La(i,s)=k} Rir (Ps) ds. Because the transition intensity Ri(ps)
is bounded, M, is in fact a martingale. The fact that Ry, (ps) is the transition intensity is then equivalently
characterized by the property that the conditional probability of the event {« (i, + At) =r} given {«a(i, ), pt},
when divided by At, goes to Ry (; 1), (pr) as At goes to zero.
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bution p; (r) of the type of agent i at time 7 thus satisfies the ODE!'®
dpi(1)
dt

5. The agents’ stochastic type processes {c; : i € I} are pairwise independent. That is, for
any i, j € I withi # j, ; and «; are independent.

= pi(OR(ps).

The following theorem presents the general existence and properties of a continuous-time
independent dynamical system with random mutation, random matching, and random type
changing.

THEOREM 1.  For any given parameters (p°, 1,0, ¢), there exists a Fubini extension (I X
Q, TR F, X P) on which is defined a continuous-time independent dynamical system D
(see Definition 1) with random mutation, random matching and match-induced type changes,
with these parameters, such that:

(1) For P-almost all w € 2, the realized cross-sectional type distribution p,(w) at any
time t is equal to the expected cross-sectional type distribution p;, with the property that the
function defined by x(t) = p; for all t > 0 solves equation (2).

(2) For P-almost all w € Q, the cross-sectional type process o, viewed as a stochastic
process with sample space (I,ZT, ), is a Markov chain in S with, at any time t, the generator
(transition intensity matrix) R(p;).

(3) For P-almost all w € Q2 and for any types k and |, at any time t the cumulative total
quantity Oy (w, 1) = [; Nix(w, t) dA(i) of matches of agents of type k with agents of type
is equal to its finite expectation E(®y; (1)) and grows at the rate p6,,(p;).

(4) There exists a probability distribution p* on S such that p*R(p*) = 0.

(5) For any p* € A satisfying p*R(p*) = 0, the dynamical system 1D with parameters
(p*,n,0, ¢) has p* as a stationary type distribution. That is, with probability one the realized
cross-sectional type distribution p, is p* at any time t > 0 and the transition intensity matrix
R(p;) is constant and equal to R(p™).

Property (2) implies, in principle, the ability to empirically recover the full stochastic evo-
lution behavior of agents’ life-time type processes (including all sample-path moments) by
observing the cross-sectional distribution of sample paths of agents’ types in the single given
observed state of the world. In application Property (3) can be used to compute the volumes
of specific sorts of transactions, such as financial trades, the velocity of circulation of money,
quantities of job matches and layoffs, and so on.

3. Preliminary results on finite dynamic matching models. In order to prove our main
result, Theorem 1, we first analyze in this section a general finite-period dynamic random-
matching model that has finitely many agents.

In Section 3.1, we construct a static random matching model with M agents given general
matching parameters {g,, } k.1cs» Where M is a finite positive even integer. Such a static model
will be used in the construction of a finite-period dynamic random matching model with
finitely many agents in Section 3.2. We also provide some delicate estimates of the relevant
matching probabilities.

In Section 3.2, we develop a general finite-agent dynamic matching model with M agents
and M? periods, with M being a positive integer. The time length of each period is ﬁ In

16This ODE is known as the Kolmogorov forward equation. See, for instance, Stroock (2014). The matrix R(p;)
is known as the “generator” of the associated Markov chain.
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each period, there are three steps. The first step involves mutations that change agents’ types
independently. In the second step of matching, agents take part in the static random match-
ing described in Section 3.1. The third step is the type changing step, at which agents who
were matched in the last step experience type changes according to specific type-changing
probabilities.

To make the proof of Theorem 1 more accessible, we first state in Section 3.3 some prop-
erties of the general finite-agent dynamic matching model (Lemmas 2 through 11) that are
needed for proving Theorem 1. The proofs of the technical results in Lemmas 1 through 11
are postponed to Appendix B in the Supplementary Material. In particular, Lemmas 1-4 are
proved in Appendix B.1-B.4 respectively. In order to prove Lemmas 5-11, some additional
technical results are presented as Lemmas B.1, B.2 and B.3 in Appendix B.5. Then, Lem-
mas 5-11 are shown in Appendix B.6-B.12, respectively. The proofs of those lemmas are
complicated since we need to carefully estimate the cumulative effect of correlations and
randomness across multiple time periods.

3.1. Finite-agent static random partial matching with general matching probabilities.
Let I = {1, ..., M} be a finite set with M an even integer in the set N of positive integers, Zy
the power set on /, and Ag the counting probability measure on Zy with Ag(A) = |A|/|1I| for
any A € 7y, where |A| is the cardinality of A.

DEFINITION 2. Let (1, Zp, Ag) be given as above.

(i) A partial matching i on [ is an involution from / to [ in the sense that ¥ (Y (i)) =i
for any i € I. When ¥ (i) #i (Y (i) =i), agent i is matched with agent ¥ (i) (agent i is not
matched).

(i1) A partial matching ¢ is said to be a full matching on I if (i) #i foreachi € I.

(iii) For a given probability space (2, Fo, Py), a random (partial) matching 7 on I is a
mapping from I x Q to I such that 7, = 7 (-, @) is a partial matching on I for Py-almost all
w e Q.

(iv) A function & from I to S is called a type function.

(v) For a random matching 77 and a type function & on I, define the agents’ partner type
process g to be a mapping from I x Q to S U {J} such that

. (7. w) ifAGw) £,

g, w) = o .
J if1(i,w) =1,

for any (i, w) € I x Q, where J is a special symbol representing “no-match”. So g(i) is the

random type of agent i’s partner.

The following result is essential to the construction of finite matching model with multiple
periods (for the matching steps) in Section 3.2.

LEMMA 1. Let (1,Zy, o) be the finite counting probability space as above. Then, there
exists a finite set Q with its power set Fo such that for any type function & from I to S and
any function q from S x S to Ry with Y, cs Gy, < 1 and p,q,; = p;q,;, for any k,1 € S, where
o = xo(@) " is the type distribution induced by & on S,"7 there exists a random (partial)
matching 7 from I x Q to I and a probability measure Py on (2, Fo) with the following
properties.

T That is, for any subset C of S, p(C) = Ag((&)~1(C)).
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(i) Let g be the agents’ partner type process as in Definition 2 (v). Fix any i, j € I with
i # j,denote (i) and &(j) by k| and ky respectively. For anyly, 1, € S, the random matching
7 and the associated type process g satisfy the inequalities:

. . 2
Py(mti =j) < ——;
P,

N A ) 1 . R 2
Pogi =) =qpus o = —7, P8 =1) = Gy, — =75
M3 M3

) 1 1 . 5 N N " A 1
lfpkl > % and Py = %, Q0,90 — % <Pygi=h,gj=h) =< k,1,9k0, T %

(i) For any k,l € S and Py-almost all w € 2,

. A . 2
M({iel:al)=k gl o) =1})— ppdul < =

To reflect their dependence on (&, q), & and Py will also be denoted by 74 4y and P g
respectively.'8

The three inequalities in Part (i) provide respectively: (1) an upper bound on the probability
for two agents to be matched; (2) an estimate on the distribution of the partner’s type of an
agent; (3) the approximate pairwise independence of the random types of the partners for any
given two agents. Part (ii) provides an estimate of the cross-sectional proportion of type-k
agents who are matched with a type-/ agent.

3.2. Finite dynamic matching model. What we need to do is to construct a sequence of
probability spaces, transition probabilities, and a sequence of type functions. Since we need to
consider random mutation, random matching and, random type changing at each time period,
three finite spaces with transition probabilities will be constructed at each time period.

Before the formal construction, we briefly describe the discrete timeline. In each period,
there are three steps. The first step is the mutation step, at which agents change their types
independently. The second step is the matching step, at which agents take part in a static
random matching described in Lemma 1. The third step is the match-induced type changing
step, at which agents who were just matched in the last step change their types according to
the specified type-changing probabilities.

Denote

=max{ny :k,l €S, k#l},
=sup{Ou(p) 1k, 1 €S, p e A},

Let M be an integer in N that is greater than or equal to max{Ka, 3}. Let M be an even in-
teger in N which is sufficiently large relative to M (an explicit expression for M will be given
after Lemma 2). As in Section 3.1,1let I = {1, 2, ..., M}, 7o be the power set on 7, and Ag be
the counting probability measure on Zy. Let Ty be the finite set {n}ﬁf o- The corresponding

discrete timeline is {n/ M },1:’122 o S0 that the duration of each period is 1/M.

18The above equation shows that g;,i € I are approximately pairwise independent. In fact, we can use similar
techniques to prove that g;,i € I are approximately mutually independent. For simplicity, we only demonstrate
the case for approximate pairwise independence.
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We define the parameters for the dynamical system as follows. For any k,k’,1,!’ € S, and
pEA,let

1 1 .
ytgp  kEL

re(S\{k})
G (P) = : Ok (p)
qn\pP) = Y ki{P),
Q@ (P)=1=2 G4u(p).
leS
Skl = Ski-
It is clear that 7, > # for any k,[l € S with k # [. Such a lower bound will be used in the

proof of Lemma B.1 in Appendix B. Note that M > Ka and @ = max{ij, 0} + 1. Then, we
can obtain that

S s SN WYl B SO B
- = — 1 s
="ga Tk "ka " Ka K
11
s 1—(K—1)—=— ifk=1.
Nir = ( )K %
e ]
lep_Kc_l_K’

1
g >]1—-K—=0.
4 (p) = X

Hence, 7 and g(p) can be viewed as functions from § x S to [0, 1] with }_,c¢7,; =1 and
Y lesdy(p) <1forany k € Sand p € A.

For the initial stage at period 0, let & be the initial type function from / to S and p° =
10(@%)~! be the initial cross-sectional type distribution on S. We assume that agents do not
match at period 0. So the initial partial matching 7° is the identity mapping on /. Since the
initial stage is deterministic, we can let (29, £y, Qo) be the trivial probability space over the
singleton set {0}. A function on I can be trivially viewed as a function on I x €29, and vice
versa. A

Suppose that the construction for the discrete-time dynamical system ID has been done
up to time period n — 1, for n > 1. Thus, {(Q, En, Qm)}f’n”z_o3 and {a™, ﬁm}fn":_g have been
constructed, where each €2, is a finite set with its power set &,, Q,, a transition probability
from Q"1 = ]_[T:_Ol Q;j to (R, Em), @™ atype function from 7 x Q™1 to the type space S,
and 7™ a random partial matching from 7 x Q! to I. When there is no confusion, { j };-”:O
in Q" = ]_[’}1:0 2; will also be denoted by ™. Denote the product transition probability
0)®01®---® Qn by O™, and ®'}1:O &j by £™ (which is simply the power set on Q™).
Then, Q™ is the product of the transition probability Q,, with the probability measure Q!

We shall now consider the constructions for period n. We first work with the random mu-
tation step. Let 23,2 =S I (the space of all functions from [ to §) with its power set £3;,_7.

For each 0" 3 € Q33 and i € I, if &3”_3(1', a)3”_3) = k, define a probability measure
yﬁﬁni} on S by letting yiw3n73 () = 1, for each [ € S. Define a probability measure Qg";n_f}
on (8!, £3,_2) to be the product measure Ricr y-‘"3n_3

Let @ 2: (I x ]'[31”:_02 Qm) — S be such that @3~ 2(i, " 2) = w3,_2(i). We assume
that agents do not match at the random mutation step; so the partial matching 73"~ at this
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step is the identity mapping on [ and the type of agent i at step 3n — 2 (denoted by g3” 2(i))
is always J, where J is a special symbol to represent “no-match”. Let ,0 3n 22 = Ao(@ 2’”— 22 -1
be the cross-sectional type distribution after the random mutation step.

Next, we consider the step of random matching, based on the result in Lemma 1. Let
23,1 be the finite space constructed in Lemma 1 with the power set £3,_;. For any given

.. 3n—2
w¥=2 € @¥'~2, the type function is al ’3’” 22( ). We can construct aprobabihty measure Q% |

on 23,1 and a random matching 7’ a2 On 1 x €23, by using &’ 3” 2( ) as the type function
& in Lemma 1 and q(p3’3‘n 22) as the function ¢ in Lemma 1. We define three functions &>~ :
I XTI Q) — S, 7 P S XTI Q) — Loand 8371 (I <[22 Q) — SU{J}
as follows:

&3n—1(l~’a)3n—l) :&311—2([ w")n 2)’

FIn—1 (i, a)3n_]) = n/a)3n—2 (i, w3n—1),
ey dnely &3n—2(ﬁ3n—l(l~’ Cl):’an—l), C0371—2) 1f7T3n 1( 3n—1) 75 i
N (RO ES J if 230, ) =i
Let ,03 ’;n 11 = Ao(@ 3’§n 11) I'be the cross-sectional type distribution after the random matching

step.

Now, we consider the final step of random type changing. Let Q3, = S’ with its power
set £,,. Define a new type function & : (I x Q%) — § by letting &>" (i, ") = w3, (i). Fix
w31 e Q31 Foreachi e I:

3n—1

1. If A3~ 1(i, ¥ 1) =i (i is not paired after the matching step at period n), let T
be the probability measure on the space S that gives probability one to @~ ! (i, »*~!) and
zero for the rest.

2. If A3 16, w1y #£ i (i is paired after the matching step at period n),
i, 0 =k, #3716, 0 = j and &@¥1(j, 0¥ 1) =1, define a probability
measure ri“’3n_1 on S such that

7" (k) = Gu (k).
Define a probability measure Qg"; ~ on (S x {0, 1}) to be the product measure &), ; T
We assume that agents do not match at the random type changing step, so the partial matching
" at this step is the identity mapping on [ and the type of agent i at step 3n (denoted by
3” (7)) is always J. Let ,0 no= (@’ 3”) ! be the cross-sectional type distribution after the
step of random type changing.
Repeating this construction, we can construct a sequence of transition probabilities

(R, Em, Qm)}zf"l0 and a sequence of functions {(a™ 71’")}3M2

Let (I x Q3M? Iy ® S3M , A0 ® Q3M ) be the product probability space of (1, Zy, Lo) and
(Q3M2, 53M2, Q3M2). For simplicity, we denote Q3M? by €2 and Q3M2 by Py. For a natural
number N, any function f from (Q7"*!, &m+l omtly to RN and o™ € ™, E®" (f) and
Var®" (f) are defined to be me+ f (@"thd Q,‘Zli , and

[, e = rik a0,

311 1

respectively. Note that for a vector x € R, |lx|loc denotes the supremum norm of x.
In the following, we will often work with functions or sets that are measurable in
Q" em Q™) for some m < 3M?2, which may be viewed as functions or sets based on

(Q3M* £3M% | 93M%) by allowing for dummy components for the tail part.
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3.3. Properties of the finite dynamic matching model. We first define three mappings 71,
T», T3 from A to A representing the transformation of the type distribution after each step of
random mutation, random matching, and random type changing.!® For any p € A and k € S,
let

[Ti(0)], = Y prrigns

k'eS
[T2(0)];, = ok

[T3(0)], = Y. prdir () e (k) + prde(p).
KIes

The following lemma shows the equicontinuity of 77, 7>, T3 and g.

2
LEMMA 2. There exists a sequence of positive numbers {";‘m}fnﬂi 0+1 with & = # and

3M2KE, <& < &o for any m € {2, .., 3M? + 1} such that for any m € {0,....,3M%), r e
{1, 25 3}7 O, /0/ S A, kvl S S’ l_f”lo - 10/”00 S ‘i‘_m—f—l, thel’l

1T (p) = T (0) | o < &m>
Gri () — Gri(p")] < &

In the rest of this paper, we take M to be the smallest even integer greater than &, 132 e

Let e(m) = ™42 ] and f(m) =m — 3e(m) + 3, where [ “42 ]| is the integer part of Z2.
Then for any m € {1, ..., 3M?}, the mth step in the finite dynamical system is also the f (m)th
step in the e(m)th period. For integers 1 <m| <my <3M 2 we use Un":f to represent 7 7 (;n,) ©
Tfomy—1)© -+ o T¢my. For convenience, when 1 <mp <m; < 3M2, U,'fflz is defined to be
the identity mapping on A. Since the terms g (U7 (0°)) and i (U I (0°)) will appear many
times later, for notational simplicity, we denote g (U}" (0)) and g (U 1 (o)) by qy; and g
respectively.

The following lemma shows that the cross-sectional type distribution p’" at the end of step
m can be approximated by U}" (0Y).

LEMMA 3. Foranym € {1, 2, ...,3M2}, let
V" ={o" e Q" " (@") = U"(0")] > &1},
where &1 is defined in Lemma 2. Then, for any m € {1, 2, ...,3M2}, we have Q" (V™) < &;.

The following lemma shows that [|[E(p™) — U{" (0% |loo (the difference between the ex-
pected type distribution at the mth step Ep”* and the repeated applications of the transforma-
tions T, T», T3 on the initial type distribution p°) goes to zero as M goes to infinity.

LEMMA 4.  There exists a vanishing sequence {B1(n)};2, of positive real numbers such
that for any m € {1,2, ...,3M?}, we have |E(p™) — U;"(,OO)HOo < Bi(M).

191f the type distribution at the beginning of step 3n — 2 is p, Equation (5) in Appendix B indicates that the
expected type distribution at the end of step 3n — 2 is T (p). Since we assume agents do not change their type in
step 3n — 1, it is clear that the expected type distribution at the end of the step is 7> (p) = p if the type distribution
at the beginning of step 3n — 1 is p. However, T3(p) is not the expected type distribution at the end of step 3n
if the type distribution at the beginning of step 3n is p. Nevertheless, by Equation (6) in Appendix B, 7T3(p) is a
good approximation of the expected type distribution at the end of step 3n.
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The following lemma provides an approximation of the matching probabilities at step 3n —
1 using parameter q.

LEMMA 5. Foranyiel, o 2¢ V¥ 2andk,l €S, if&?”_z(a)3”_2) =k

e X ~ ~ 1
‘Q?m 1( D =1) = g (0" (0™ )] < — we

Let F"" ={F € EM* . p = Fm HSM Q,y and F™ € £™}. Any set F in F™ rep-

m'=m+1
resents an event that “happens” by step m. For example, we use (&3”_3 =k)NF3" 3 to
represent some event that happens by step 3n — 3 in which a3" 3=k,
The following lemma prov1des an estimate of Po(a3” = r|(A3’1 3= =k) N F373), which
is the conditional probability?” of the event {w € € : af" (w) = r} given event {w € Q2 :

&?”_3(0)) =r}n F"3,

LEMMA 6. Foranyi€l, k,r € S withk #r,ne Ty, and F3n=3 ¢ F3=3 such that
Po((&" P =k) N F373) > L we have

~3n ~3n—3 3n— 3 3K26_12
Po(@" =r1(&" 7 = k) NV F ) =i = 3 ()| = =

leS

Foranyielandm e{0,1,...,3M?}, let F" be the algebra generated by {&;’1,, g;"’ m
Any set in F}" represents an event for agent i that happens by step m.
3n\M?
tn

An approximate Markov property for the type process {o;"},_ i presented below.

LEMMA 7. There exists a vanishing sequence {B2(n)};2 | of positive real numbers such
that for any i € I, {013"}M o satisfies the approximate Markov property in the sense that for
anyn,n’' €{0,1,..., M*Ywithn >n', k, k' € S,ande" .7-"1-3”_ ,
|Po((@" =k, &7 =K) N F"73) x Po(&" = K') — Po(@}" = k. & =K
x Po((@}" = k') N F"73)| < By(M).
The following lemma shows that the type processes have the approximate independence

property.

LEMMA 8. There exists a vanishing sequence {B3(n)};° | of positive real numbers such
that for any i, j € I withi # j,m €{0,1,...,3M?}, F" e F", and FJ’-" e]-';-" we have
|Po(F" N FJ’") — Po(Fl-m)P(FJ’-”)| < B3(M).
The remaining three lemmas provide estimates of the number of mutations and matchings

that can happen within any time interval, as well as of the expected cross-sectional type
distribution. For any w € €2, define

H" (@) =|{n e Ty: 6" 2(w) #&" (), 3n — 2 < m}|,

NMw)=|{neTo: 8" ") #J,3n — 1 <m}|,

20For given events A and B with Py(A) = 0, we can define the value of the conditional probability Py(B|A) to
be any number in [0, 1] that suits a particular context.
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as respectively the number of mutations of agent i by the mth step, and the number of match-
ings of agent i by the mth step. Let )A(;" = I:Iim + Nlm

The following lemma provides a lower bound for the probability that there is no jump for
the counting process X; between two different steps.

LEMMA 9. Foranym, Am € {0, ..., 3M2} and F™ € F™ such that m + Am < 3M? and
Py(F™) > 0, we have

A N Am
Po(X/HAM = XM F™) > 1 — Ka=-.

An estimation of the probability of changing types twice in a given time interval is pre-
sented below.

LEMMA 10. For any m, Am € {0, . ..,3M2} and F™ € F™ such that m + Am < 3M?
and Py(F™) > 0, we have

. . Am\?
Po(XHAM — XM > 2| F™) < (Ka)z(ﬁm> .

An upper bound is provided below for [|E(p™t2™) —E(p™)|lco-
LEMMA 11. Foranym, Am € {0, ..., 3M2} such that m + Am < 3M?, we have

[E(o™ ") = E(p") | < Ka— =

4. A brief introduction to nonstandard analysis. The proof in Section 5 makes exten-
sive use of some basic results in nonstandard analysis. To make the proof more readable, this
section adopts some material from Loeb and Wolff (2015) by setting up notation and summa-
rizing background knowledge, and presents an illustrative example on independent Markov
chains. First, a simple construction of the nonstandard number system that extends the usual
ordered field of real numbers is given in Section 4.1. A more general framework of nonstan-
dard analysis is then presented in Section 4.2. The key constructions of Loeb measure spaces
and Loeb transition probabilities are introduced in Sections 4.3 and 4.4 respectively. For the
readers’ convenience, we present a simple example in Section 4.5 to illustrate how nonstan-
dard analysis can be used to construct continuous-time Markov chains based on finite-period
Markov chains.

4.1. Nonstandard number system. First, we extend the ordered field of real numbers R
to an ordered field *R that contains infinitesimals. To this end, we introduce the concept of a
free ultrafilter.

DEFINITION 3. A free ultrafilter on the set N of positive integers is a collection U
P(N) ={A: A C N} such that;

1. o¢U.

2. AcUand BeUU= ANBel.

3. ACNand A¢ U/ = N\A € U.

4. A is a finite subset of N=— N\ A € U{.
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Fix a free ultrafilter /. One can define a set function ¢ on the power set P(N) of N such
that ((A) =1if A eld, and 1(A) =0if A ¢ U. It is easy to check that ¢ is a finitely additive
probability measure on P(N). If a property holds on some set A € U/, then the property
holds with ¢-probability one; we can simply say that the property holds almost everywhere,
expressed for brevity as “a.e.”.

Two sequences (r;) and (s;) of real numbers are said to be equivalent if r; = s; a.e., that is,
{i e N:r; =s;} €U, because equality a.e. is evidently an equivalence relation on the space
RY of infinite sequences. We write [(r;)] for the equivalence class containing the sequence
(ri), and we use *R to denote the collection of such equivalence classes. The set *R is called
the set of nonstandard real numbers, or the “hyperreal” numbers. Such a construction using
an ultrafilter is called an ultrapower construction.?! We note that the set R of real numbers
is embedded in the set of nonstandard real numbers *R via the map ¢ — [(c}], where {(c) is
the constant sequence with term ¢ € R. We write *c for [{c)], but later drop the star for con-
venience. In contrast to hyperreal numbers in *R, the numbers in R are also called standard
real numbers.

The summation and multiplication operations +, . and the absolute value function | - |
together with the “less than” order relation < for *R are defined as follows.

DEFINITION 4. Given real sequences (r;) and (s;), we set

Lo [{ri)) + [(si)] = [{ri +5i)].

2. [{ri)] - [{si)] = [{ri « si)]-

3.0 = [Kri D1

4. [{ri)] < [(si)] if ry <s; ae.

It is easy to check that the operations 4 and ., as well as | - | and the ordering <, are in-

dependent of the choices of the representing sequences. This independence is an implication
of the definition of ultrafilter, as well as the fact that any two representing sequences must
be equal a.e., while equality a.e. is a transitive relation. The structure (*R, +, ., <) forms an
ordered field that extends the ordered field (R, +, ., <).

Recall that for r = [(r;)] € *R and ¢ € R, |r| < ¢ (Jr] > ¢) means that |r;| < ¢ (Jr;| > ¢©)
holds a.e. For any r € *R, r is infinite (or unlimited) if |r| > n for every standard positive
integer n € N; r is finite (or limited) if |r| < n for some n € N; and r is infinitesimal if |r| < %
for every n € N.

For x,y € *R, we say that x and y are infinitesimally close or infinitely close if x — y
is infinitesimal and in that case we write x ~ y. The equivalence class for >~ containing x
is called the monad of x, written as monad(x). That is, monad(x) = {y € *R : y >~ x}. For
x,z € *R, weuse x <z (x 2 z) to denote that there exists y € *R with y >~ x such that y <z
(y=2).

If p € *R is finite, then the unique real number ¢ with p =~ ¢ is called the standard part of
p. We write ¢ = st(p) or ¢ = °p.

Let *N = {[(r;)]: r; € Na.e.} € *R be the set of positive hyperfinite integers, and *N, the
set of unlimited hyperfinite integers.

21gee also an online elementary textbook Keisler (2007), and Chapter 7 in Part 1 of Tao (2014) on a brief in-
troduction of ultrapower constructions and nonstandard analysis. Though the set *R of nonstandard real numbers
depends on the underlying ultrafilter, the particular choice of such an ultrafilter is not an issue. When we consider
applications of nonstandard analysis, what we use are some general properties of nonstandard models, such as the
transfer principle in Proposition 1 and the countable saturation principle in Proposition 3 below.
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4.2. General framework of nonstandard analysis. To develop the general framework of
nonstandard analysis, we need to work with the concept of superstructure. Fix a set X con-
taining R. Let Vp(X) = X, and for each positive integer n € N, let V,,(X) = V,_1(X) U
P(Vu—1(X)), where P(V,,—1(X)) is the power set of V,,_1(X). The superstructure over X is
the set V(X) =52 Va(X). Elements in X are said to be of rank 0, and for n > 1, elements
in V,(X)\V,—1(X) are said to be of rank n.

For a, b € V,,(X), one can define an ordered pair (a, b) as the set {{a}, {a, b}}, which is an
element in V,42(X). With the definition of ordered pairs, one can then define the Cartesian
product of two sets in V (X), as well as relations and functions in V (X). For k > 3, one can
define ordered k-tuples (ay, az, ..., ar) as {(1,ay), (2,a2), ..., (k, ax)}. The k-tuple versions
of Cartesian products, relations and functions in V (X) can be similarly defined. In fact, the
superstructure can be used to cover basically all of the relevant mathematical structures that
are useful for applications.

We now describe the construction of formal statements, or “formulas,” in a formal lan-
guage Ly about the superstructure V (X). Given X, the language Lx for the superstructure
V(X) over X has the following symbols:

Logical connectives: ', V, A, =, <>.

Quantifiers: v, 3.

Parentheses: ().

Constant symbols: One symbol for each element in V (X).

Variable symbols: A set of symbols with each symbol representing a variable.
Equality symbol: Denotes equality for elements of V (X).

Set membership: €.

Nk wbd =

The above symbols serve as the “alphabet” of the language Lx. The following definition
shows how formal syntactical statements can be formed in Lx.

DEFINITION 5. A formula of Ly is built up inductively with the following rules:

(a) If xq,...,x,, x, and y are either constants or variables, then the following are called
atomic formulas: x € y, x = y; (x1,...,Xx3) €¥; (X1,...,xp) = y; (xX1,...,%X,),X) € y;
((x15 .25 Xp), X) = y.

(b) If ® and © are formulas, so are (—®), (® A B), (P — ®), (P Vv O), and (P < O).

(c) If x is a variable symbol and y is either a variable symbol or a constant symbol and &
is a formula, then (Vx € y)® and (3x € y)P are formulas.

The logical connectives ', vV, A, —, <> have the usual meanings in terms of the satisfia-
bility of formulas connected by them. For example, (—®) means that ® is not satisfied while
V, A mean “or”, “and” respectively. For the formulas (Vx € y)® and (Ix € y) P, the scope of
the quantifiers V and 3 for x is ®. One can define the scope of a quantifier within a formula

inductively.

DEFINITION 6. A variable x is free in a formula & if it is not within the scope of any
quantifier for x. A closed formula in Ly is a formula without free variables.

For example, let C be a constant symbol for set, and suppose that x and y are variable
symbols. The formula (3y € C)x =y has a free variable x while the scope of the quantifier
d for y is x = y. Thus, y is not a free variable for the formula (3y € C)x = y. On the other
hand, both x and y are not free variables in the formula (Vx € C)(3y € C)x = y, which is a
closed formula.
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Fix a free ultrafilter /. Any pair {(a;) and (b;) in the space X*° of sequences in X is said
to be equivalent if @; = b; a.e. For any c € X, let *c = [{(c, c, . . .)] be the equivalence class of
sequences in X*° that contains the constant sequence (c, c, .. .). For any sequence {A;}72, of
setsin V,,(X)\ X for some n > 1, define the set [{A;)] = {[{x;)]: x; € A; a.e.}. For A € V(X),
let *A =[(A, A, A,...)]. In particular, *X is the set of equivalence classes of sequences in
X°°,

DEFINITION 7. If ® is a formula in Ly, the *-transform of &, denoted *®, is the formula
in L+x that is obtained by replacing each constant ¢ in ® with *c.

The following result is a basic tool in nonstandard analysis.??

PROPOSITION 1 (Transfer principle). If ® is a closed formula in Lx that is true for
V(X), then *® is true for V (*X).

All elements in V(X), as well as all elements in V (*X) in the form of *b for some b €
V(X), are called standard. An element a in V (*X) is called internal if for some set b €
V(X), a € *b; if the element a itself is a set, then a is said to be an internal set. All other
elements in V (*X) are called external. For any internal set A in V (*X), one can always find
a sequence {A;}72, of sets in V,,(X)\X for some n > 1 such that A is the set of equivalence
classes {[{(a;})] : a; € A; a.e.}. It is easy to see that if A and B are internal sets, then so are
AUB, AN B, A\B, and A x B. An internal function is a function whose graph is an internal
set. If any kind of internal operations are applied to internal sets, one still obtains internal
sets; see, for example, Theorem 2.8.4 in Loeb and Wolff (2015).

The following result (Theorem 2.8.12 in Loeb and Wolff (2015)) about internal sets is
important for applications.

PROPOSITION 2 (Spillover principle). Let A be an internal subset of *R.

(1) If A contains all standard natural numbers, then A contains all elements of *N less
than some unlimited natural number in *N.

(2) If A contains all unlimited positive integers in *N, then A contains all elements of *N
greater than some standard natural number in N.

(3) If A contains all the positive infinitesimals, then A contains all elements of *R
smaller than some standard positive real number in R.

(4) Assume that for each unlimited positive integer H there exists an unlimited natural
number K < H such that K € A. Then A contains a standard natural number in N.

For B € V(X)\X, let Pr(B) denote the finite subsets of B. An element A € *Pr(B)
will be called a hyperfinite set. In particular, A is the set of equivalence classes {[(b;)]: b; €
B; a.e.} for some sequence (B;) of finite subsets of B. The internal cardinality of A is simply
the hyperinteger [(|B;|)], where | B;| is the cardinality of the finite set B;. When the internal
cardinality of A is an unlimited hyperfinite integer, then the external cardinality of A is the
cardinality of the continuum (see Proposition 6 in Duffie, Qiao and Sun (2018)).

The following is an important uniformity principle that transforms a local property ex-
pressed by finite intersections into a global property described by the intersection of all the
sets in the sequence; see, for example, Duffie, Qiao and Sun (2018, Proposition 8) for a simple
proof.

PROPOSITION 3 (Countable saturation principle). For a sequence of nonempty internal
sets, Ay 2 A2 2D --- DA, D...,we have (,n An # D.

22For a detailed proof, readers are referred to Sections 2.2-2.5 of Loeb and Wolff (2015).
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4.3. Hyperfinite internal probability spaces and their Loeb spaces. Fix any unlimited
hyperfinite integer M. Let A = {1,2,..., M}, and C be the internal power set of all the
internal subsets of A. Let w : A — *R_ be an internal function such that > ;. w(i) = 1.

Define an internal finitely-additive measure as an internal mapping p from C to *[0, 1] such
that n(A) =Y ;c4 w(i) forany A € C. Then (A, C, ) is called a hyperfinite internal proba-
bility space. If w(i) = % foralli € A, then (A, C, w) is called a hyperfinite counting proba-
bility space. For an internal function 4 from A to *R, the (internal) integral [, hdu of h over
a hyperfinite internal probability space (A, C, ) is simply the weighted sum » ;o h(D)w(i).
The integral for an internal vector-valued function with values in a Cartesian product space
can be defined componentwise.

We let st(u) be the function from C into R defined by st(u)(A) = st(uw(A)) forany A € C.
It is clear that st(u) is a finitely-additive measure on the algebra C. The important point is that
st(w) is a countably-additive measure on the algebra C. To see this, consider a sequence Aj 2
Ay D ... of internal sets in C such that [,y A, = @. The countable saturation principle
implies the existence of m € N such that A,, = @. It is thus clear that lim,,_, o, st(1)(A,) = 0.
By Carathéodory’s well-known extension theorem (see, e.g., page 181 in Loeb (2016)), st(w)
can be extended to a measure w; on the o-algebra o (C) that is generated by C. The standard
probability space (A, L, (C), 1) is called a Loeb space. A measure space is complete, like
Lebesgue measure space, if subsets of measure zero sets are measurable and have measure 0.
By including all 1tz -null subsets, we obtain a complete Loeb space (A, L, (C), u1).

4.4. Transition probabilities. Let (I,Zy, Ao) be a hyperfinite internal probability space
for which Zj is the internal power set on some hyperfinite set /. Let  be a hyperfinite
internal set with Jy its internal power set. Let Py be an internal function from / to the space
of hyperfinite internal probability measures on (€2, Fo), which is called an internal transition
probability. For i € I, denote the hyperfinite internal probability measure Py(i) on (€2, Fg)
by Po;.

It is clear that the Cartesian product / x 2 is a hyperfinite set. Let Zg ® JFq be the internal
power set on / x €2. Define a hyperfinite internal probability measure 7o on (I x 2, Zo ® Fo)
by letting 7o({(i, ®)}) = Ao({i}) Poi {w}) for (i, w) € I x Q2. The measure 79 will be called
the product transition probability of the measure Ay and the transition probability Pp. Let
XA, P; and t be the Loeb measures on (1,0 (Zyp)), (2,0(Fp)), and (I x 2,0(Zy ® Fop))
corresponding respectively to the internal measures Ag, Py;, and tg. The collection {P; : i €
I} of Loeb measures will be called a Loeb transition probability, and denoted by P. The
measure 7 will be called the Loeb product transition probability of the measure A and the
Loeb transition probability P. We shall also denote 79 by Ag® Py, T by AK P, and o (Zo ® Fo)
by ZX F.

The following result presents a generalized Fubini theorem for a Loeb transition probabil-
ity, which is proved in Section 5 of Duffie and Sun (2007).2

PROPOSITION 4. Let f be a real-valued integrable function on (I x Q2,0 (Zy ® Fo), T).
Then,

(1) fi= fG,-) is o(Fo)-measurable for each i € I and integrable on (2, o (Fy), P;) for
A-almost all i € I

(2) [ fi(w)dP;(w) is integrable on (I, 0 (Zp), A);

3) [y Jo fi@) dPi(@) dA) = [} g f i, @) dT i, o).

23For simplicity, we only state the result in terms of the o -algebra o (Zy ® Fp). One can also re-state the result
to the case when the underlying measure space is the completion of (I x 2, o (Zy ® Fp), 7).
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If Py; does not depend on i, then T = A X P is called the Loeb product measure. The
corresponding measure space (I x Q,ZXF, AX P) is called the Loeb product space. In this
case, the symmetric position of the two probability spaces respectively on / and 2 implies
that the properties as stated in Proposition 4 also hold when the double integral is evaluated in
the reverse order. It is clear that Z X F contains the usual product o -algebra o (Zg) ® o (Fp).
Thus, (I x Q,ZX F, AKX P) is a Fubini extension, as first shown in Keisler (1977).2*

4.5. An illustrative example: From finite-period to continuous time. In this subsection,
we present a simple example illustrating how, based on independent finite-period Markov
chains in Part A, to construct independent continuous-time Markov chains in Part B, using
nonstandard analysis.

Part A: Fix any integer N in N. For simplicity, we consider a minimal nontrivial Markov
chain on the type space S = {U, D} (for “up” and “down”) that lasts for N2 + 1 periods. The
corresponding discrete timeline is {n/N }rzlv:zo so that the time length for each period is 1/N.
Let Qny = (S x S)N2+1 and Fy be the power set of Q. For any w € Qp, w can be written
as {wy}, 20 with w, € S x S; let y (a)) € S and y§(w) € S be the first and second compo-

nents of w, respectively. Then, {y } 0 and {y} }n _o can be viewed as random variables from
(Qy, Fy)to S.
Let Py : Fy — [0, 1] be a probability measure on (2y, Fn) such that {yl} 0 and

{ yz}N o are 1ndependent dlscrete time Markov chains on (Q2y, Fy, Py) with given initial
distributions for y1 and y2. That is, for i = 1,2, and any r € N, ny,ns,...,n, in N with
N%2>n;>ny>--->n, >0, and any types ki, ko ks, oo ke k) in S,
; Py =k, 3 =ko, ..., 9" =k )PN(DI? =k2)
) = PNy =k1, 92 =ka))PN(3;* = ko, ..., 3" =k)
and
@ Py =k, 3y =k, .. 9 =k, 35 =k])
:PN()?'fl =ki,....5\" =k:)P (y2 =ki,...,y =k;).
In addition, we assume that for any i € {1,2} andn € {0, 1, ..., NZ— 1},
5) Py = UI5} = D) = Py (5" —D|&,~"=U)=%-

Let F/ be the o -algebra generated by {y'} _, and 2{ the random number of jumps of y; by
the rth period.

Part B: The transfer principle indicates that any results about finite sets can be restated on
hyperfinite sets. We shall transfer the two independent finite-period Markov chains in Part
A to the hyperfinite setting. Throughout Part B, to avoid a proliferation of symbols, we will
continue to use the symbol N to denote a fixed hyperinteger in *Noo in Part B. By the transfer
}N

principle, we can define (Qy, Fn, Py), {V o and M}, 20 in exactly the same way as

above such that {y i }N o and {y },11\/:20 still satisfy equations (3), (4), and (5).

24For the development of Loeb (product) spaces, see Loeb (1975), Anderson (1976), Keisler (1977), Sun (1998),
and Section 6.2 of Loeb and Wolff (2015) (by Horst Osswald). When both A and P have atomless parts, Proposi-
tion 8.4.5 in Chapter 8 of Loeb and Wolff (2015) (by the third author of this paper) indicates that Z X F is always
a strict extension of o (Zy) ® o (Fp).
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Next, for any t € Ry and i € {1,2}, let y;(¢) = ylL’NJ, where |tN ]| is the hyperinte-
ger part of t N—that is, [tV ] is the greatest hyperinteger less than or equal to ¢t N. Since
ylL’NJ is internal, it is clear that y;(¢) is measurable on the hyperfinite internal probability
space (Q2n, Fn, Pn), and thus automatically measurable on the Loeb space (Qy, F, P) of
(Qn, Fn, Pn).
By equations (3) and (4), we know that for any i € {1,2},r € N, t1,f2, ..., 1 in Ry with
1y >ty >--->t,,and any types ki, kj, k2, k), ..., k., k. in S,

P(yi(t1) =ki1, yi(©2) =ka, ..., yi(ty) =k, ) P(yi(2) = k2)
11N

=P =k, 5 = ko, . Y = k) PPN = ko)
_ P(f}iLthJ =k ylleNJ k ) ( slaN] =k, ..., }A}lLtrNJ k )
= P(yi(t1) = ki, yi()) =k2) P(yi(t2) = ko, ..., yi(ty) = k),

and
P(yi(n) = ki, y2(t1) =kys ..o, yi(ty) = kr, y2(8;) = k)
—P(thlNJ—k "UINJ_k/ o f)LerJ—k "UrNJ_k/)

— P()")IULNJ :kla j}LtrNJ —k ) ("UINJ _k/ B )A)ZLI‘;-NJ Ik;)

=P(yi1(t)) =ki, ..., y1(t;) =k ) P(y2(1) = k1, ..., ;2 () =k.).

Therefore, y; and y, are independent continuous-time Markov chains.

It remains to calculate the transition intensity of y;. Fix any i € {1,2} and r € R} and
let n = [tN]. For At € Ry with At > 0, let An = [(t + Af)N] — [tN], it is clear that
An/N =~ At. Since N is an unlimited hyperinteger, we have (1 — %)N ~ e. Recall that er
is the number of jumps of y; by the rth period. A simple calculation shows that for any
nontrivial event F}' € F',

. . 1\24n 1\N An/N
s =ai=(-3) = (1)) e

PN(Z?JFM - 2;” = llFin)

n+An—1 . R R . R
= Y PN(@TV =2t =20+ 1. 2] = Z11F))
r=n
A 1 An—1
- —”(1 - —) ~ Ate ™,
N N
(6) Py (ZITAT — Z0 > 2|F) = 1 — ™2 — Are™2.

Note that the intensity with which y; switches from D to U is the coefficient of the term At
in the Taylor expans1on of P(yi(t + At) =U|y;(t) = D). Then, we can focus on the events
in which Z”+A” Z” = 1 since the probability of the event Z”+A” Z” > 2 under P is
1 —e B — Ate™, Wthh is of order Ar? (denoted by O(Atz)) when At is small. Hence,
we have

P(yi(t+ A =Uly;(t)=D) = Py(3/ " = U, |3} = D)
= Py(3IHAT = U, Z/TA" — 7 =15 = D) + 0 (Ar?)

n+An—1 R R . R
Y. Pn(Z[TN =70t 5 =U, Z] = Z]3! = D) + 0(Ar?)
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n+An—1 1 n+An—r—1 1 1\7—™n 5
= 1—— —1-—= O (At
Z ( N) N ( N> * ( )

r=n
An 1 An—1
=" (1-— 0(A2
N ( N) +o(ar)

= Ate™ ™ + O(A1?) = At + O(Ar?).

Similarly, one can show that P(y;(t + At) = D|y;(t) =U) = At + O(Ar?). Therefore, the
Markov chain y; switches from D to U with intensity 1, and back with intensity 1 as well.

REMARK 1. The intuition behind this example is that continuous-time processes can be
thought of as discrete-time processes with infinitesimal increments, which also applies to the
proof in Section 5. One of the main difficulties in that proof is that the discrete-time processes
in the finite-period matching model are neither exactly Markovian nor exactly independent,
given that correlations across agents are created in each time period. To obtain the Markov
property and independence exactly for the continuous-time processes, we need to carefully
estimate the cumulative effect of the correlations across multiple time periods to make sure
that the deviation from the exact Markov property and exact independence in the finite-period
matching model can be made arbitrarily small when the number of agents is large enough.

5. Proof of Theorem 1. As noted in Loeb and Wolff (2015), in nonstandard analysis
hyperfinite sets are important objects that can be viewed as equivalence classes of sequences
of finite sets. As noted in Section 4.2, the transfer principle indicates that any results for finite
sets can be restated for hyperfinite sets. In particular, the dynamic matching model and its
properties as developed in Sections 3.2 and 3.3 can be recast in the setting with a hyperfinite
number of both agents and time periods.

To avoid the proliferation of symbols, we follow the convention in nonstandard analysis
to adopt the same notation in the hyperfinite setting in this section as in the finite dynamic
matching model in Section 3. First, we take M to be an unlimited hyperfinite integer in *Ny,
and M the smallest even hyperinteger in *Noo which is greater than (£3,,2., | )~ (as described
in the paragraph below Lemma 2).> Then, let I be the hyperfinite set {1,2, ..., M} with
its internal power set Zy and the internal counting probability measure Ao on Zg, and Ty the
hyperfinite set {n}ﬁl"lz2 o With the corresponding hyperfinite discretized timeline {n/M }2’1:2 o (e,
the time length for each period is the infinitesimal 1/M). The parameters for the dynamical
system, 7;;, ;> Sk remain the same. As in the finite dynamic matching model, we denote

Q3M2, g3m? (the internal power set on Q3M2) and Q3M2 by @, Fo and Py respectively.
Let (I x Q,Zy ® Fo, Ao ® Pp) be the internal product probability space of (I, Zy, Ag) and
(2, Fo, Pp). Note that Zp ® Fo is also the internal power set on / x 2. By the transfer
principle, we know that Lemmas 1 to 11 still hold in the hyperfinite setting. We will not
distinguish the statements of Lemmas 1 to 11 in the finite and hyperfinite settings when there
is no confusion.

Let (I,Z,1), (2, F, P),and (I x Q2,ZX F, AX P) be the standard probability spaces that
are obtained from the internal probability spaces (I, Zg, Lo), (€2, Fo, Po), and (I x Q,Z¢ ®
Fo, Lo ® Pp) respectively by taking their corresponding Loeb probability spaces. We need to
prove that there exist o : I x 2 x Ry — Sand ¢ : I x Q x Ry — [ satisfying the properties
described in Section 2. Towards this end, we divide the proof into seven parts. In Section 5.1,

25 As noted in Section 4.1, a positive hyperreal number is said to be infinite or unlimited if it is greater than every
standard natural number; and *Nyo denotes the set of unlimited hyperfinite integers.
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we first define the random type process o and discuss its basic properties. In Section 5.2,
we prove that o is Markovian and independent. We then check that the transition-intensity
matrix of the relevant Markov chains at time ¢ is R(p(¢)) in Section 5.3. In Section 5.4, we
define the random matching ¢ and prove that ¢ satisfies the properties described in Section 2.
In Sections 5.5, 5.6, and 5.7, the continuous-time dynamical system that we have constructed
are shown to satisfy Properties (1)—(2), (3), and (4)—(5) in Theorem 1 respectively.

5.1. Construction of the agents’ type process. Recall that p° is the initial type distri-
bution. Let {I}xes be an internal partition of I such that % ~ pg for any k € S. Let &V

be an internal function from (I, Zy, Ag) to S such that (i) = k if i € Ix. It is clear that
ro({i € 1:8%0) =k}) ~ p? forany k € S.

Fix any ¢t € R, and denote the hyperinteger part [t M | of t M by n. Based on the hyperfi-
nite dynamic system transferred from Section 3.2, let () = &>". Since &@" is internal, it is
clear that o/(¢) is measurable on (I x Q,ZX F, AKX P).

Fix any i € I. The stochastic process . may not be right-continuous with left-limits
(RCLL). We will show that up to any finite time, with probability one any agent can only
change her type finitely many times. Recall that X () is defined in the paragraph be-
low Lemma 8. For any N in the set N of (standard) positive integers, let AlN ={weQ:

X lN M (w) is finite}. It is clear that
Oo A
AY = J{weQ: XM (w) <k}.
k=1

Since the set {w € Q2 : X lN M (w) < k} is internal, AIN is measurable in F.

Fix any standard positive integers n and N in N. For any j € {0, 1,...,n}, let m; be the
N
n

forany j € {l,...,n}. For any o ¢ AlN X lN M () is infinite, which implies that there exists
j€{l,...,n} such that )2:”’ (w) — )A(;nj*' (w) > 2. Therefore, we know that

hyperinteger part of % Then mo =0, m, = NM and the standard part of “- _A’/’;j—l is

n
o\ AN c | J{oeQ: XV () — X[ (w) =2},
j=1
which implies that

(7) P@\AM) <Y P(X{V - X
j:l

It follows from Lemma 10 that

. . 2
®) P =X 22 = k(ML

l l M
Since the standard part of % is %, it follows from equation (8) that

2
9) P(X]V - X" >2) < (K&)Z(E> :

n

By combining equations (7) and (9), we obtain that

P(@\ AY) 5n<Ka>2(%)2.
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Now we keep the standard positive integer N fixed and let the standard positive integer n go
to infinity to obtain that lim,— oo 7(K@)*(%£)? = 0. Then P(Q2\ A)) = 0, which implies that
P(AN)=1.Let

A = {a) eQ: )A(lm (w) is finite for any m € *N such that % is ﬁnite}.

Itis clear that A; = N¥_; AY and
oo
(10) P(A)=P(() AN =1,
N=I

which means that up to any finite time, agent i can only change her type finitely many times
with probability one.

LetA={(i,w)el x Q: )A(l’" (w) is finite for any m € *N such that §; is finite}. Then, it is
clear that

A= UG w el xQ2: X (0) <k},
N=1k=1

which also implies that A is measurable in Z X F. As noted in Section 4.4, the Loeb product
space (I x 2,ZX F, AKX P) is a Fubini extension. Since A = {(i,w) € [ x Q:w € A;} and
P(A;)=1foranyi € I, it follows from the Fubini property that

(11) A&P(A):fP(Ai)dkzl.
I
We define the random type process o from I x Q x R to S as follows:

{ lim of(w,1) if (i,w) € A,

a(i,w,t)={t'>tt

&f” (w) otherwise.

Now we prove that « is well defined and measurable on (I x 2 x Ry, (ZKF) ® B(R..)). For
any (i, ) € A, a/(w, ") can only change finitely many times in the time interval [0, # + 1].
Then there exists € > 0 such that alf(a), t') is constant on (¢, ¢ + €). Then, for any (i, w) € A,
lim,_, ,+ ozlf (w, ") is well defined, and the sample path «;(w, t) is RCLL in ¢t € R. For any
i €l,since P(A;) =1, the stochastic process ¢; is RCLL. By the definition of «, and the
fact that A is measurable, it is clear that for any fixed ¢ € Ry, (i, w, t) is measurable on
(I xQ,ITX F, X P). By Proposition 1.13 in Karatzas and Shreve (1991), « is measurable
on (I xQxR4, TRF)QBR,)).

5.2. Markov and independence properties of the agents’ type process. Fix any i € I and
t € R Recall from the second paragraph of Section 5.1 that 7 = [t M]. Itis clear that 57 ~¢.
Let E, ={ne*N: % € monad(z)}; then n € E,;. We define the F-measurable set

(12) Bi(1) ={weQ: X3 (w) = X (o) for any n € E,}.
For any n1,ny € To such that st(5;) <t < st(32) for r > 0, n; =0 and st(57) > 0 for r =0,

Lemma 9 implies that

A N A A 3(ny —
P(Q\Bi(0) < P(X)" £ X)) =1-PX" =X") < st(l(a%)
Note that st(Ka %) — 0 as st(*2;1) — 0. Hence, we have P(2\ B;(1)) =0, which

implies that P(B;(t)) = 1.
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Fix any w € A; (as defined in Section 5.1). Assume that &3” (w) = C for any n € E;. Then
the spillover principle in Section 4.2 implies that there exist n1, n2 € Ty such that st( Ly <

t <st(3) fort >0, n; =0 and st(57) > 0 for t =0, and a3”(a)) C forany n € {n1,n; +
1, I’l2} Hence for any ¢’ in the time interval (st( ), st( 2)), a;(t') = C. Therefore, if

w€E A and af”(w) = C for any n € E;, we have
ai(w, 1) = lim o}(w,1')=C=3&"(w).
t'—tt
Fix any ng € E;. For any w € A;, if &1.3"0 (w) # a;j(w, ), then &?” (w) cannot be constant

for n € E, by the contrapositive version of the last statement in the above paragraph. In this
case, there is either a mutation or matching at some period in E;, which implies that

(13) {a)eA,-:&?"O(w);éozi(w,t)}gQ\B,-(t).
Since P(A;) =1, we have
P(&" #air) < P(Q\ B (1) =0,

which implies that

(14) P@E" =ay)=1.

By the hyperfinite analogue of Lemma 7, we know that B> (M) = 0 (since M is unlimited),
and forany r e N, ny,ny,...,n, in To with ny > ny > --- > n,, and any types k1, ko, ..., k;
in S,

) P@" =k, & =ky, ..., & =k, ) P(&)" = k)

_ P( ~3n _kl’&?’” :kz)P(dn2 ky,...,a A?mr :kr)-

For any r € N, and real time sequence t; > t, > --- > t, in R, choose ny € T such that Mk ~
tr for 1 < k <r. Then, it follows from equations (14) and (15) that for any types k1, ko, ..., k;
inS
P(ai(t) =ki,ai(t) =ka, ..., ai(t,) = k) P(ai(t2) = k2)
= P(ai(1) = ki1, oi(12) = ko) P(ti (1) = ko, ..., i (1) = k;),

which implies that the stochastic process «; has the Markov property.

Fix any j € I with j # i. By the hyperfinite analogue of Lemma 8, we know that
B3(M) >~ 0 (since M is unlimited), and for any ny > ny > --- > n, in To, and any types
ki,li, ko, lpy ... kpy 1 in S,

P@" =ki.a" =1, ...&" =k &) =1,
(16) ~3 3 3 3
n ANy ~Adnyp AdNy
—P( =ki,...,0 —kr)P(Otj —ll,...,otjr—lr).
For any r € N, and real time sequence t; > t» > --- > t, in R, choose n; € Ty such

that ”ﬁ" >~ t; for 1 <k <r. We can obtain from equations (14) and (16) that for any types
kl’llsk27125 -'-sk}"alr in S’

P(ai(t) =ki,ajt) =11, ...,0i(t,) =k, oj(ty) =1)

= P(Oli(tl) =ki,...,0i(t) =kr)P(Olj(l‘1) =1, ...,aj(tr) =lr),

which implies that the stochastic processes «; and «; are independent.

A7)
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5.3. Calculation of the transition-intensity matrix. Fix any i € I, t e Ry, k,r € § with
k #r and P(a;(t) = k) > 0. The purpose of this part is to verify that agent i’s transition
intensity for her types to change from k to r at time ¢ is Ry,(p;). For any At in the set
R4+ of (standard) positive real numbers, let n and An be in *N such that % € monad(?) and

% € monad(Ar). By equation (14), we have
P(a;(t + A1) =rla;(t) = k) = Py(67" 34" = r|&" = k).
Lemma 10 says that the probability for agent i to change her type at least twice in the time
interval [¢, 7 + Ar] is of order As2. Hence, we have
P(i(t + A1) =rloi (1) =k)

(18) 5 ¢
= Po(@) 30 =y, X3 _ R0 11630 = k) + O(A1Y).

For any m,m’ € {3n,3n + 1,...,3M?} with m > m’, let C", = {w € Q : X" (0) =
X '(w)}. Then, C}, is the event that there is neither a mutation nor a matching for agent
i between m'th step and mth step. In particular, when the event C), happens, agent i does
not change her type between m'th step and mth step. The first term in the right-hand side of
equation (18) can be expanded as follows:

~3n+3An __ o3n+3An v3n _ 1123n
Po(&; =rX; - X" =11&" =k)

n+An—1
= Z Po(C3r N (@7 =r)n 33t 6 = k)
n+An—1
= X [n(Ehn @ =ne" =k)
r=n
{19 3n+3An (430 3 (5343
x Po(C3 37" 1(&" =k) N C3p N (& =7))]
n+An—1
= X (P& =rC N (@ = k) Po(C5,18" = )
r=n
 RCYE @ =00 €0 6 =)

It follows from Lemma 9 that

P& = ricy N (@ = 1))

1

(20)
< Py(X 2 XI5 0 (@ = k) <
Lemma 9 also implies that

P()(C |A3n _ k) (C3n+3An|(ai k) N C ( 3r+3 r))

3r43 i
3r—3 3n+3An—3r—3
Q1) (I—Kar ”)(1-K&”+ noor )
M M
A_
S 1 kaSA" T3 L1 skanar,
M

By equations (19), (20), and (21), we can obtain that

~3n+3An __ v3n+3An o3n _ 1123n __
Po(a; =rX; - X" =1&" =k)
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n+An—1
=Y R =il n @ =)
r=n
n+An—1
@ = 3 RETT=riCyn (@ =k)
x |1 = Po(C3h1a" = k) Po(CI 32" (&3" = k) N €3 0 (8373 = 1)
n+An713 a ) )
< ——3KaAt >~ (BKaAt)” = O(At7).
; i (A7)

It follows from Lemma 6 that
n+An—1 n+An—1
Z Po@ P =riCin@"=k)- . (ﬁkr +Z¢71§Zr+]§kl(i’))‘

r=n leS

(23)
n+An— 131{2 2 3K2 2At

< ; T

which is an infinitesimal and can be absorbed into the term O(Af?). Therefore, equations
(18), (22), and (23) imply that

n+An—1
(24)  P(ait+ A1) =rlai(t) =k) = Z <ﬁkr + Zq]?lf-i-l §kl(r)> + 0(Ar?).

r=n leS

Recall the notation 7y, = %nkr + # and &y (r) = g (r) for any [ € S from Section 3.2. It
is clear that

P(ai(t + A1) =rlai(t) =k)

-y

r=n

—Nkr + —=

M M?

+ Zq3’“gk,(r)) + 0(Ar?)
leS
(25) )
At n+An—1 | 5
= A+ + Y Y@ o) + o(ar?)

r=n_ Je§

n+An—1
= nkr A + Z Zq3r+1§kz(r)+0(At2),

r=n_ Je§
where some infinitesimals are absorbed into the term O (Af?). Equation (14) implies that
=E(p;) =~ E(p3”) By Lemma 4, U3r+] (po) o~ E(p3’+1). By the continuity of 6;(-), and

the definitions of q3’ 1
the following estimation

above Lemma 3 and gy; in the beginning of Section 3.2, we obtain

n+An—1

S NG s ) = > (s (r) At

r=n |eS§ leS

Ly o] S5 Leguiri (o) sny) A
< % r _ % nyy —"
< cu(r) O (U ) — 0 (E(p

At = = M M

n+An—1

MAtngl(r) Z *0u (E(p 1)) — *60 (E (™))

leS
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K n+An—1
S Y [auEEH) - *aulE ()]
r=n

Fix any An’ € Ty such that AW”/ is infinitesimal. Lemma 11 implies that |E(p¥*!) —

IE(,O3”)||OO is infinitesimal for any r between n and n + An’. By the continuity of ;(-),
"0k (E(p T1)) — *0 (E(p>"))| is also infinitesimal. Then, we obtain that

K n+An'—1
e (™) — 0 ()| =0
r=n

By the spillover principle, we know that for any € € R, there exists 6 € Ry such that for
any An € Ty with st(%) < &, the standard part of

Aﬁnﬁi_ [0 (E(p™*)) = *0u (E(0™))|

is less than €. Therefore, we can claim that

n+An—1
(26) S 3G e ) = D 0B s (r) At = o(Ar).
r=n |e§ leS

By equations (25) and (26), we can obtain that
P(i(t + A1) =rla; () = k)

= AL+ Y O (Pr) S (r) At + 0(At) = Riy (pr) At + o(AD),
leS

which implies that agent i’s transition intensity for her types from & to » at time ¢ is indeed
Ryr (ﬁt)

5.4. Construction of the random matching process. We first define the random matching
process ¢ and prove that ¢ satisfies all the properties described in Section 2. For any ¢t € R,
let [t M ] be the hyperinteger part of tM.Foranyi € I, w € Q, and t € R, let

joifan< M) st 2 o) =j £i, N = NUM

1

73n _ Ky3LtM]
¢, 1) = . =N
i otherwise.

Then ¢'(i, w, t) = j means that i is matched with j in some period n < | M | and that neither
is matched with anybody else in periods n+1,n+2, ..., [tM]. Itis clear that ¢’(-, w, t) is an
involution in the sense that ¢’ (i, , ) = j if and only if ¢(j, w, t) = i. Since ¢ is internal, we
know that: (i) ¢;(-, -) is a measurable mapping from (I x Q,ZX F) to (I,Z); (i) ¢'(-, w, 1)
is measure-preserving on (/,Z, A) forany w € Q and r € R,

Note that ¢; () may not be RCLL. We need to define the random matching process ¢ as a

modification of ¢’ and RCLL. Foranyi € I, w € Q,and r € Ry, let

j if3j el withj#iande e Ry st ¢ (i,w,1") = jforany t' € (t,1 + €),

(i,w,t)=1" .
¢ i otherwise.

Assume that ¢ (i, , t) = j with i  j. By the definition above, there exists € € R ; such that
¢'(i,w,t") = jforanyt' € (t,t+¢€). Note that ¢'(-, w, t) is an involution. Then, ¢'(j, w, ") =
i for any t' € (t,t + €), which implies that ¢(j, w, ) = i. Therefore, ¢(-, w, 1) is also an
involution.
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Recall that the set
A= {a)/ €eQ:X " (') is finite for any positive hyperinteger m such that % is ﬁnite}

has probability one as shown in equation (10) in Section 5.1. Fix any w € A; and ¢ € R.
By the definition of A;, we know that agent i matches finitely many (say, k) times up to the
|(t + 1)M |th period; agent i’s partner in each of the k matchings may find a new partner
before agent i’s next match.?® This means that ¢’(i, w, -) may change at most 2k times in
the real time interval [0, ¢ 4 1]. Then there exist j, j’ € I and € € R, such that ¢'(i, w, t')
is jon (t,t +€) and j on (r — €,1). For any ¢’ € (¢, + €), we know that ¢'(i, w, t”) is
j fort” € (¢',t + €’). According to the definition of ¢, we obtain that ¢ (i, w, t’) is still j
for t' € [t,t + €). Therefore, ¢;(w, t’) is right continuous at real time 7. Similarly, for any
t'e(t—et), ¢ (i,w,t")is j fort” € (¢, t). The definition of ¢ implies that ¢ (i, w, 1) is j’
for any ¢’ € (¢ — €, t), which means that the left limit of ¢ (i, w, t) exists at time ¢. Therefore,
we proved that for any i € I, and for P-almost all w € 2, ¢(i, w, -) is RCLL.
Recall that the set

A m
A= {(i ,w) €I x Q: X" (w) is finite for any positive hyperinteger m such that ” is ﬁnite}

has probability one as shown in equation (11) in Section 5.1. Fix any ¢ € R, . In the paragraph
above, we proved that for any (i, w) € A, there exist j € [ and € € R, such that ¢'(i, w, )
is jon (t,t +¢€) and ¢(i, w,t) = j. Then, for any /| € Z, we know that

(i) eA:plioneh}=]) () {(i,w) eA:ga/(i,a),rJrl,) 611} €IRF.
neNn’eN,n'>n n

Since ZX F(A) =1, itis clear that {(i,w) € I X QL: ¢(i,w,t) € I1}is also in Z X F for any
I € Z, which implies that ¢, (-, ) is a measurable mapping from (I x Q2,ZX F) to (I, 7).

In order to prove that for any t € R and P-almost all w € 2, ¢, (-) is measure-preserving,
we first show that P(p;; = ¢],) =1foranyi el andr €e Ry.Fix any i € [ and r € Ry. For
any N € To,let Ty ={n’ € To: tM] <n’ < |[tM] + N} and

Cn() ={oe: 7% G, 0) =i, #"(¢'(i,w,1), 0) = ¢'(i, », 1) for any n’ € Ty}.
Then Cy (i) is the event that agent i and her last partner ¢’(i, w, 1) up to period [tM] do
not match in periods [tM| + 1, tM]+2,...,|tM] + N. Fix any N € Tg such that % is
limited and st(4;) > 0. For any w € Cy(i) and ' € (t,1 +st(39), ¢'(i, 0, 1) = ¢' (i, », 1)
and ¢'(¢'(i, w, 1), w,t") = i. By the definition of ¢, we have ¢(i, w,t) = ¢'(i, w, t) for any
w € Cn(i), which implies Cy (i) C {w € Q2 : @it (w) = golft (w)}. It follows from the definition
of Cn (i) that

Po(Cn (@) =Y Po(¢ Gy, 1) = j, 73" ~1(@) =i, #%"~1(j) = j forany n’ € Ty)
jel
=Y Py(¢'i,,1) = j)
jel
x Po(#¥ Vi) =i, 7%~ 1(j) = j forany n’ € Ty|@'(i, w, 1) = j).

It follows from Lemma 9 that

, N
Py(A¥ i) =i forany n’ € Ty|¢/ (i, w, 1) = j) = 1 — 3K,

: N
Py 1(j) = j forany n’ € Ty|¢/' (i, w, 1) = j) = 1 — 3K&M.

26Note that ¢'(i, w, -) changes values only if agent i or her last partner finds a new partner.
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Then, we can obtain that
Py(7 R =1Gy =i, 73 “(j)=jforany n' € Ty|¢' (i, w, 1) = j)
> Po(#3" V(i) =i forany n’ € Ty |¢'(i, , 1) = j)

+ Po(73 71 (j) = j forany n' € Ty|¢' (i, w,1) = j) — 1

N
>1—-—6Ka—.
M
Therefore, we can derive that
. . . _N _N
Py(Cn () > ZPo(go/(l,a),t) :])(1 —6Kaﬁ) =1 —6KaM.

jel
Since Cy (i) C{w e Q: ¢jt(w) = (p{t (w)}, we obtain that

N
(27) P(pir = ¢j,) > st(l - 6K&M)'

Note that st(1 — 6Ka=; ) — 1 as st( M) — 0. Therefore, we can claim that for any i € I and

teRy, Plpir =¢,) =1
It follows from the Fubini property that for P-almost all w € Q, A, = ¢,,,) = 1, which
implies that ¢,y (-) is measure-preserving (since ¢/, (-) is measure-preserving).

5.5. Proof for Parts (1) and (2) of Theorem 1. Fix any ¢t >t > --- > t, > 0, and
k,k',ky,...,k, in S with k # k’. For any At > 0, we have

AR PTG w) =k, a' (i, 0) =k, &V (i, 0) = ki, ..., a" (i, w) = ky,)

= / P () =K, al(w) =k, o] (0) = ki, ..., a" () = ky) d
1

=/P(a;=k,a§1=k1,...,a§"=k,,,)
1
x Pt =Kol =k, o' =k, ..., 0" =ky)dr
4

:/P(afzk,alfl =ki,...,a" :kn)P(a“A’:kwa;:k)dx.
1

Because the transition intensity matrix R(p,) at any time ¢ of the Markov chain «; does not
depend on i € 1, neither does the conditional probability P (a!t4" = k'|a! = k). Let
P! =Kol =k) = R (p(1)) At + R(A1).

Since R(p,) is the transition intensity matrix, we know that R(Art) divided by At converges
to zero whenever At goes to zero. Hence, we obtain that

AR P (o T2 (G, w) =k, ol (i, w)=k,o/‘(i,a))=k1,...,o/"(i,a))=kn)
—/ ol =k, ot =ky, ..., 0" = k) (Riw (5 (D) At + o(AD)) dA
=[A R P(A)][Rix (p(1)) At + R(AD)],

where

A={(,w) el xQ:d'(i,w) =k,a" (i, 0) =k, ...,a" (i, ) = ky}.
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Therefore, we have

(28) AR P({(,0) €I x Q:a' T2 (i, 0) =k'}|A) = R (p(1)) At + R(A?).

Note that equation (28) also holds in the case when n = 0, which means that

29) ARP({(i,0) el x Q:a" 2 (i, w) = k'}|' (i, ) = k) = R (p (1)) At + o(At).

By equations (28) and (29), we know that o, when viewed as a stochastic process with sam-
ple space (I x Q2,ZX F, 1 P), is a Markov chain with time-¢ transition intensity matrix
R(p(t)). By the Fubini property, it is clear that the distribution of «’ is p(r). Therefore, p(r)
satisfies the ordinary differential equation (2).

Note that for any i, j € I with i # j, o; and «; are independent. By the exact law of
large numbers in Theorem 2.16 of Sun (2006), we know that for P-almost all w € €2, the
processes o, and o have the same finite-dimensional distributions in the sense that for any
0<ty <-- <ty (&t,...,;af") and (a", ..., &) (viewed as random vectors) have the same
distribution. The finite-dimensional distributions of a process determines whether the process
is a Markov chain and also its transition intensity matrix. Thus, for P-almost all w € 2, «,,
is also a Markov chain with transition intensity matrix R(p(¢)) at time ¢. So Theorem 1 (2)
is proven. We also know that for P-almost all w € €2, ozg) and o have the same distribution
at any time ¢, which implies that p(w, t) = p(¢). Hence, Theorem 1 (1) is shown. This also
implies that agent i’s transition intensity for her types to change from k to r at time ¢ can be
written as Ry, (py).

5.6. Proof for Part (3) of Theorem 1. For any k,l € S,and 1 <m < 3M?2, the number of
matches by agent i up to the mth step, when of type k, to an agent of type [ is defined to be

NI (@) ={neTo: 6" () =k, #7" N w) #i, 8" @) =1,3n— 1 <m]].
The following defines the counting process for the number of matches by agent i, when of

type k, to an agent of type /:

MMy ifw e A;,

Nigg(@, 1) =
(@10 =1, ifod A

Recall that ©;(w, ) = [; Niki(w, t) dA(i) denotes the cumulative total quantity of matches
of agents of any given type k with agents of another given type /, by time 7.
Fix any € R4, k, and [ in S, and nonnegative standard integers n and n’. For any i, j € I

with i # j, it is clear that the events (leL;MJ =n) and (N]?’kL;MJ =n') are in .7-“3UMJ and
]-'; L] respectively. It follows from Lemma 8 that
PN =n, Ng™ =n') = P(NZM =n)P(N G =),

Since A; has probability one, it is obvious that the events (N;x(t) =n) and (N (1) = n')
are independent. By the arbitrary choices of n and n’, we know that the random variables
Nii(t) and N i (t) are independent. By the exact law of large numbers (Corollary 2.10 in
Sun (2006)), we have Oy (w, t) = EOy,(¢) for P-almost all w € 2.

Fix any Ar € R44. Let n and n 4+ An be the hyperinteger parts of tM and (t + At)M
respectively. It follows from the Fubini property and the definition of ®y; that

1 1
E(E@m(l + At) — E@kl(t)) = A /I(ENikl(t + Atr) — ENikl(t)) di

n+An

1 3(n+An) R30=1)
= [ER —ERg) dro = P> | B - 83z
=n+1
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n+An
3n'—1 _ 3 —
= X BT - N
n'=n+1

(30)
n+An

3n'—1 3n'=2 _
= L PO 8 =g

n+An

3n 2 A3 ) ) 32
At Z //3;,/2Q3n/—1 ler; Niknl =])dQn dro

n+An

3n -2 A3 '—1 A3/—2 3n'—2
At Z /;23# zfQ3 lk”l _Nikr; =1)d)»0dQ nes

Foranyi € I and w32 e Q32 \ y3n'-2 ,ifa 3” (w3”/_2) = k, then the definition of N,-kl
and Lemma 5 imply that

3 2, A _ A _ A _ _
|Q3n7—1( 1313 I—N?krﬁ/ 2= 1) — Gu(p™ (0™ 72))]

3n -2, . _ I ’_ 1
=109, (& =1) = Gu (e H o™ =

If & A3” ~2(w>'=2) = k, by the definition of Njy;, we know that
3n =2, 23,1 3n’—2
051 (Nig ™ — Nigg —~=1)=0.

~3n'

Forany w € Q, let Iy (w) ={i € I : &; "= (w3"/_2) = k}. Then, it follows from equation (30)

along with Lemmas 2 and 3 that

1
—(E@kl (t+ At) —EOy (t))

At
n+An
~ 3n'=2( 3n'=2 3n' -2
w dlod
/Z ‘/s‘zgn/ 2\V3n1_2 -/;k(a)) qkl(p ( )) 0 Q
n+An
drod Q3" 2
/Xn:—&-l/ggn/ 2\V3n 2/]( )M2 0 Q
n—+An ,
Z / / 1drgd Q3" 2
e v3'=2 J i (w)
An 11 "EA
= n'—2 V3n—
At M2 At Z © )
n'=n+1
<An1 AS Anl+An1N0
N AN AN RN Y

By Lemma 3, we can obtain that

1
E(E@u(l + At) — E®kl(t))

n+An

5 3n'=2( 3n'-2 3n/—2
dlod
At Z /;23# -2\ y3n'-2 /Ik(w)qkl(p (w )) 0dQ

n'=n+1
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n+An

3n — 3n' =2\ A 3n'=2( 3n'-2 3n' =2
=X /Z /93,, P 2@ )gu (0™ (0™ 72))dQ
=n+1
3D
n+An

At Z /2, Y 3n 2 W3- )c}kl(,o3”/’2(w3”/’2))dQ3”/’2

1 n+An

— E Z E[,Ogn —2(w3n’—2)ékl (p3n/—2(a)3n’—2))]

n'=n+1
n+An , ,
Z E 3n - 3n — ) le(p’jn —2(w3n —2))].
n'=n+1

Fix any An’ € Ty such that A” is infinitesimal. Let f be a real-valued function on A

such that f(p) = pixOri(p) for any p € A. Then, it is clear that f is continuous on A. It fol-
lows from Lemmas 3 and 4 that for any m € {1, 2, ..., 3M2} and 0™ € Q™M\V"™, p" (™) =~
vy (0°) ~ Ep™. Since f is continuous on the compact set A, * f (o™ (w™)) ~ * f (Ep™) for
any o™ € Q™\ V™. Then, Lemma 3 implies that for any m € {1,2, ..., 3M2},

B 7o) =" FE)] = | [ (1(6") =" )

- fgm\vm(*f(p’") —*f(Epm))de‘

+

[, Crem="rEm)ae”|
Jopyn 1M = 1) aQ” |~

which means that E* f (p™) >~ * f(Ep™).

Fix any n’ between n + 1 and n + An’. Lemma 11 implies that Ep3"' =2 ~ Ep3" . 1t follows
from equation (14) that Ep ~E p(t) = p(t). Since f is continuous on the compact set A,
we obtain that *f(E,o3”/_2) ~ *f(]Ep3") ~ f(p(t)). Therefore, we have

(32 B[ 0u(p® D] =E F (0¥ ) = F(ER™ ) = pr()u(p (1)),
which implies that

~

n+An’

-3 E[0" H0u(0™ )] 2 e 06u (1))

n'=n+1

By the spillover principle and equation (31), we obtain that
1
lim —(EOy(t + At) —EOu (1)) = pr(t)0k(p(t)).
Jim At( kit + At) ki (1)) = pr(®)0 (p(1))

Hence, E®y,(t) is differentiable and “'E(j,%(t) = pr ()0 (p(t)). That is, Theorem 1 (3) is
shown.

5.77. Proof for Parts (4) and (5) of Theorem 1. Theorem 1 (4): for any p, g € A, define a
vector g R(p) in RX by letting its kth component be

(GR(P), =Y _ a Rir(p).
k'eS
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Since Ry (p) is continuous on A, and A is compact, we can find a positive real number ¢
such that [cRy(p)| < 1 forany p € A, and k, k' € S.

It is easy to see that p R(p) = 0 is equivalent to the statement that f(p) = p +cpR(p) has
a fixed point p = f(p).

Next we show that f is a function from A to A. For this purpose, we need to show that
the values of f are probabilities. Note that

(f(P)=pr+ Z cpp Rik(p) = (1 + cRu(p)) py + Z cpy Rk (p).
Kes k' k

By the definition of R(p), we know that Ry (p) > 0 if k' # k. The choice of ¢ implies that
(1 + cRik(p)) = 0. Thus, (f(p))x = 0forany k € S.
It is also easy to see that

DU =D+ Y. (cppRik(p)=1+¢ > > ppRir(p)

keS keS keSk'eS k'eSkeS
=14cY pvY Rur(p)=1,
k'eS keS

where the last identity follows from the fact that ), ¢ Ry/x(p) = 0. Hence, the values of f
are probabilities.

It is clear that f is continuous on A. By Brouwer’s fixed point theorem, there exists a
p* € A such that p* + cp*R(p*) = p*. Therefore, p*R(p*) =0.

Theorem 1 (5): Assume that p* R(p*) = 0. Since the function pR(p) is Lipschitz contin-
uous in p, Footnote 13 indicates that the ordinary differential equation in equation (2) with
the initial condition p® = p* must have a unique solution p*, and hence p(r) = p* at any
time ¢. Therefore, p* is a stationary distribution.

APPENDIX A: CUMULATING CORRELATIONS IN STOCHASTIC PROCESSES

In Lemmas A.1-A.3 below, we provide estimations on the cumulative effect of correla-
tions across multiple time periods for a general class of discrete-time stochastic processes.
The lemmas can be applied in different settings and help us streamline the proofs of Lem-
mas 6-10. To avoid confusions with objects in the finite matching models developed in Sec-
tion 3.2, constant symbols in this appendix are represented by letters with bars. The proofs of
Lemmas A.1-A.3 will be given in Appendix B.7.

Let I bea | nonempty finite set, IO be the power set on I, and A¢ be the counting probability
measure on Zg. Let T = {0, 1, ..., N}, where N is a standard positive integer. Let |T| = N +1
be the number of elements in T Let (0, &o, Qo) be the probability space over the singleton
set {0}. A function on I can be trivially viewed as a function on I x o, and vice versa. Let
(@, Em, Qm)}m L be a sequence of transition probabilities, where each €, is a finite set
with its power set £,, Q,, a transition probability from Q! =1T— L@ to (27, E).
Here, an element {w; }’" o in Q™ will also be denoted by @™ when there is no confusion.
Denote the product transition probability 0 ® 01 ® --- ® Q,, by 0", and ® 05 by £™
(which is simply the power set on Qm) Then, Q™ is the product of the transition probability
O,, with the probability measure 0™~!. Note that for ©™ € Q™ Qm+1(a) )= Qmj_l is a
probability measure on (2,41, m+1) For snnphclty, we denote @V by Q and OV by Pp.
Let 7' = {F € EN.F=Fmx1IV, v and F™ € £™). Any set F in F™ represents

m’ m+1
an event that, by step m, can be determined to have happened or to have not happened.

_In the following, we will often work with functions or sets that are measurable in
(", &Em, Q™) for some m < N, which may be viewed as functions or sets based on
(R, F™, Py) by allowing for dummy components for the tail part, and vice versa.
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Let X be a nonempty finite set with |X| elements. Let f be a function from I x Q x T
to X such that for any i € I, f; is adapted to the filtration {]}m}ZeT (.e., fi(,m)= f"()) is
J™-measurable for each m € T'). For any i € I and m € T, let F;" be the sub-o-algebra of
F™ generated by {fm,}m —0

Let {z?m}N _(1) be a sequence of |X| x |X| matrices with 9" (a, b) = € [0, 1] for any
mef0,1,....,N — l} and a, b € X. For notational simplicity, for any m, m' € T withm <
m’ < N, we use Om to denote the product of matrices?’ 99" +! o

For any m € {1, 2 —1},and ¢ > 0, let

C"(e) = {a™ e Q" : \Qmﬂ(fmﬂ a) — 0" (f" (w™),a)| > e for some i € I and a € X}.
For o™ € Q" \ C™ (¢), 19’"(fl-m (™), a) can be used to estimate Q“’+1 (me = a) (with error
at most ¢). Fix a positive real number £; such that

(33) Q™ (C™(#1)) < &1, foranym € {1,2,...,N — 1}.

For a random variable 4 and an event G on 2, we shall use (from now onwards) the simplified
notation (h = a, G) to represent the event (h = a) N G that event G happens while 4 takes
value a.

The following lemma shows that when &1 is small, f; is approximately Markovian.

LEMMA A.l1. Foranyi e I,anym,m' €T withm'>1andm +m’ <N, anya,b € X,
and any F™ € F™, we have the following two inequalities:

|Bo (£ = b, f" =a, F™) — O @, b)By(f" = a, F™)| < (21X])" &1,
|P0( m—l—m_b fm_a Fm) (fz )

— B[ = b, [ =a) Po(f" =a, F")| < (21X1) Tz,

Fix any & > 0. For any o € Q™, f; and f ;i are said to be &;-correlated at o™ if there
exists a, b € X such that

m U

10w (f" =a, 1 =b) = Q' (f" =a) 04 (] =b)| > 2.

The stochastic processes f; and f; are said to be &)-correlated if there exists m €

{0,1,..., N — 1} such that
(34) 0" ({w™ € Q™ : f; and f; are &-correlated at ™ }) > 2.

The following lemma shows that if f; and f; are not &;-correlated, then f; and f; are ap-
proximately independent.

LEMMA A.2. Fixanyi, j €I such that f; and fj are not &-correlated. For any m € T,
F" e Fi", and F]’-” € .7-"}", we have

|Po(F" N F}") — Po(F") Po(F7)| < |1 XPT(781 +282).
Let Y be a counting process from € x T to N such that Y is adapted to the filtration

{]:"m}mef (.e., Y(-,m) = Y™(-) is F"-measurable for each m € T). Following the conven-
tion on discrete-time counting processes, we assume that Y”"+! — Y takes value only in

2TFor |X| x | X| matrices A and B, AB(a, b) is defined to be Zce)? A(a,c)B(c,b).
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{0, 1}. Let &3 be a real number in [0, 1] such that for any m € {0, 1, ..., N — 1} and Q™-
almost all ™ € Q™

(35) QU (Y™ =y™ 4 1) <&,

The following lemma provides an estimate of the probability of no jump or at least two
jumps for the counting process Y between two different periods.

LEMMA A.3. Foranym, Am €T and F™ € F™ such that m + Am < N and Py(F™) >
0, we have

Po(Y™HA™ = Y™ F™) > | — 83Am,
Po(Y™HAm _ym > 2| F™) < 82(Am)>.
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APPENDIX B: PROOFS FOR THE PROPERTIES OF FINITE MATCHING MODELS

The supplement provides proofs of Lemmas 1-11 in Section 3 (concerning properties
of finite matching models) and Lemmas A.1-A.3 in Appendix A (about cumulating correla-
tions in a general class of stochastic processes) as follows. Proofs of Lemmas 1-4 are given
in Subsections B.1-B.4 respectively. In order to prove Lemmas 5, some additional lemmas
are presented in Subsection B.5. Lemma 5 is then proved in Subsection B.6. Lemmas A.1-
A.3 are proved in Subsection B.7. Lemmas 6 — 11 are then proved in Subsections B.8 — B.12

respectively (with both Lemmas 9 and 10 proved in Subsection B.11).

B.1. Proof of Lemma 1 in Section 3.1. The proof consists of three steps. In the
first step, we (randomly) choose a set Ag; of agents among the type-k agents, which is
to be matched with type-I agents. We require that the cardinality |Ay;| of Ay is even and
| Ak| = | A

randomly match the agents in Ay and A;i. In the third step, the random matching obtained

, which allow the agents in Ay; and Aj; to be matched. The second step is to
by combining the match of agents in those groups is shown to satisfy Lemma 1 (i) and (ii).

Step 1: Foreach k € S, let I, = {i € I : &(i) = k} be the set of type-k agents. Let
Qo = {(Ar)kjes : Yk, 1,1 € S, Ay C Iy, | Ap| is the largest even integer
less than or equal to |Ix|q,;, Ax and Ay are disjoint for different [ and I’ } .

Note that p, is the proportion of agents of type k, which implies that |I},| = M py,- Hence, we
have |I|d,, = Mpydy = Mpydy, = 1|6y, Then for any (Ap)pics € Qo, |A| = |Au| for
any k,l € S. Let o be the counting probability measure on (£29,.4y), where Ay is the power
set of Q.

!Graduate School of Business, Stanford University, Stanford, CA 94305-5015, USA. e-mail:
duffie @stanford.edu

2School of Economics, Shanghai University of Finance and Economics, 777 Guoding Road, Shanghai 200433,
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3’Depat‘tments of Economics and Mathematics, National University of Singapore, Singapore 119076. e-mail:
ynsun@nus.edu.sg
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Step 2: For any fixed wo = (Ak)k,ics € Lo, we consider partial matchings on I that match
agents from Ay, to A;;. We only need to consider those sets Ay; which are nonempty. For
each k € S, let ;7 be the set of all the full matchings on Ay, and 4} the counting prob-
ability measure on €2} For k,l € S with k <[, let €2} be the set of all the bijections from
Ay to Ay, and ,u‘,’:f the counting probability measure on Q‘,;’l" Let 1 be the set of all the
partial matchings from I to /. Define Q7" to be the set of ¢ € €2; that satisfy:

() {i€Iy: (i) =i} = I\ (U, Ag) foreach k € S;
(i) the restriction ¢|4,, € 2% for k € S;
(iii) for k,l € S with k <1, ¢|a,, € Q).
Define a probability measure ;7 on €1 such that such that
(i) for ¢ € QY°,
1y (o) = 1T tyg ({Dan });
1<k<ISK, A #0
(i) ¢ ¢ Q7°, pui°(¢) =0, where ;7°(¢) is a simplified notation for the probability of the
singleton set {¢} under .

The purpose of introducing the space ©27° and the probability measure 47" is to match the
agents in Ay to the agents in A;;, randomly. The probability measure p7° is trivially extended
to the common sample space €2;.

Define a probability measure Py on €2 =y x {2; with the power set Fg by letting

P ((wo,w1)) = po(wo) X pu7® (w1).

a(a(i,w))  if ali,w) #£1i

J if G, w) = 4.
Denote the set {(wo,w:) € 2 :wo € o, wi € 0} by Q. The definition of Py indi-

cates that P, (Q) =1.

For (i,w) € I x Q, let &(i, (wp,w1)) = w1(?), and §(i,w) = {

Step 3: For any k,l € S and w € ), we have Ao ({i € I : 6(i) = k, §(i,w) = 1}) = 21,

Since | Ay is the largest even integer less than or equal to |I;|g,,;, we have 0 < [Ij|q,, —
|Ag| < 2. Hence,

Mo ({6 € 1+ 40) = k. 3(6,0) = 1) — pydeal = \

which implies Part (ii) of the lemma.

|A | T |

kl’ .
M Vi kl

2
M7

To prove Part (i), fix any 4,5 € I with i # j, denote 4°(i) and &°(5) by k; and ko
respectively.

We start with the first inequality in Part (i). By the construction above, we have

Py (6 =j) = Po ({((Ar)kes,w1) €Q 14 € Ay, J € Apyiy, wi(i) = J5}).



Let A= {(Ak)k1es € Q017 € Akyky»J € Akyk, }- Then, the definition of Py implies that

L A N
Py(ai=7)= > po((Aekies) iR () (1) = ),
(Ak)k.ies€A
where ,ugA’”)"”ES (w1(7) = 7) is the measure of the set {w; € O : w1 (i) = j}. When ki # ko,
we know that for any (Ag)xes € A,
(Axdraes (o _ 1
wi(i)=j)=———.
Hq ( 1() ]) |Ak1k2|

When ki = ko, we have for any (Ay)kes € A,

(Aukaes(, (2 _ s 1 2
U wi(i) =7j) = < )
! ( ( ) ) ’Akﬂ%’ -1 ‘AklkZ‘

since | Ay, k,| > 2 for any (Ay)ies € A. Then, ,ugA“)’“"es(wl (i) = j) < 2 always holds

- |A’€1k2‘

for any (Axi)kies € A whether or not ki = k. Therefore, we can obtain that

Py(di=j) < Z o ((Ar)kies) ’AQ

e

(Ak)k,es€A
2 . .
= —— o ({(Art)kies € Qo 11 € Ak, J € Akyk, })
| Akt |
2 .
< o ({ (A kies € Q010 € Agyp, }) -
| Ak |
Let M}, and my,; be the cardinality of I, and Ag; respectively. Let (Z) = ﬁib)! denote
the binomial coefficient. Then we have
My, —1
N . 2 (mkle—l) 2 Mk, 2 2
PO (a’b = j) S M = = = —% )
Mhiky (i) Mkike My Mi o Mpy
where the last identity follows from the fact that M/ Pr, = k| = My, .
Next, we prove the second inequality in Part (i). We have
(e 1)
~ . . klll—l mk‘lll
Py(9(i) =) = po ({(Art)k1es € Qo i € Agyi }) = TM’” ) =
M1y .

It is clear that Py(g(i) =11) < M}\}iik“l = Gy,;,- To show the lower bound for Py(g(i) = 11)

as stated in the lemma, we assume that p;, > ﬁ Note that
3

My, G, —2 2
P g(1 :l >711 — 4 PR —
O(Q(Z) 1) - Mk1 qklll ]\4’14:1
i 2 . 2
=gy, — 2 =
B N, TP G

Then, we have

. 2 . .
(D Qyt, — e < Po(9(i) = 11) < Gy, -

2
3



It remains to prove the third inequality in Part (i). We make the further assumption that

P, = Ml'l . When ki # ko, we obtain that

Po(g(i) =11,3(5) = l2) = po({ (Akt)k,ies € Q0 17 € Ap,1,,J € Apaly })

(o270 (2 )
= U et By(g(i) = 1) Po(3(i) = 1a).

(o) ()

Equation (1) implies the following inequalities:

Gy, Aryt, = Po(9(3) =11, 9(5) = 12)
2 2 4
2) > (g, — =2 )Wy, — —=2) 2 Gyt iy, — =2
(Gk,1 ME)(kl ME) lenls Dol

2
3

When ki = ko but [y # 5, we have
(A )|

My, —Lmgg,—1
1l 1lo

( My, ) ’
Mkyiy,Mkqlg

Po(g(i) =11,9(5) = l2) = po({(Akt)k1es € Q011 € Aky1,,J € Ag1,}) =
a ) = Wlb—c)! is the multinomial coefficient. It is clear that

. L Mk, 1, Mok 1, M1, (M1, +1
Po(9(i)=1,9(j) =1l2) = < ( )

o My, (M, —1) — M
. R 1 . 1
< 1,1, T 5,1, My < Qiy1, Ay, + M,
o 1 o 1
= iy, 9k, 1, + Mpkl = iy 1y Dby 1 + M%
On the other hand, we can obtain that
mk}]llmkllz
My, (Mg, — 1)
S (Mkl‘jklzl - 2) (Mqukjlz - 2)
- Mk1 Mkl
o 2 2
2 Qryty Dst, — 2y, Dot T g, Dot
o 4
2 Ay 1, Ayt — My,
L 4
=Gk, 9500, —
Mp,,
4

2 Qryt, hyt, — e

By combining the above inequalities, we have
4 1
3 ] q —ﬁSPAZ’:l,A':l SA j + ==
3) Gty Dty — 0(9(4) =11,9(3) =12) < Q1 Gt e

2
3



When k1 = k9 and [; =[5, we can obtain that

(2 7%)

Po(9(i) =11,9(7) =) = po({(Ar)rtes € Qo 6,5 € A, }) = (M)
It is clear that

2
(mklll)(mklll B 1) < mklll < 2

1 1 k1

On the other hand,
(k1) (s, = 1) (M Gty = 2) My G,y —3)
Mk‘l (Mkl - 1) o M]ﬁ Mk‘1
5 5
> Grty — et 2 G~ v = Gn o 2 G,
kily Mk1 kily kily ]\4k1 kily Mpm kily Ve

Therefore, we obtain that

o

2
3

4) Gy — 7 <Po(9(i) =11, 5(j) = o) < qi,,.

By combining Equations (2), (3) and (4), we know that for any (k1,11), (ko,l2) € 52,
b 1

Gty Gty — 7 < Po(§(1) =11, 9(5) = 12) < g1, Gty + 2+

kb kot — (9(i) (7) = 12) < g1, Gy 3

3

B.2. Proof of Lemma 2 in Section 3.3. First, we work with 7;. Since 77 is contin-
uous on A, there exists a strictly increasing continuous bijection v; on Ry with v1(0) =0
such that ||T1(p) — T1(P')||oc < v1(||lp — p'||o0) for any p, p’ € A (which is called a modulus
of continuity of the function T7).!

For Ty, T3 and {q;,;}r1es, we can derive their modulus of continuity in the same
way. By taking the maximum, we can get a strictly increasing bijection v on R which is a
common modulus of continuity for all these mappings.

Recall that K denotes the number of types. Let £y = # and w be the inverse
function v~ on R. Let & = min (w(&),&), &m = min (w(fm_l), 3]\/5[712[() for any m €
{2,3,...,3M?}. Hence, itis clear that SM2 K&, < &1 < & forany m € {2,3,...,3M?+1}.

Fix any m € {0,1,...,3M?}, and p, p' € A with ||p — p||cc < &ms1. Then, we know

that ||p — p'l|cc < w(&n). The fact that v is a strictly increasing bijection on R, implies

! Given a continuous function f from a compact metric space (X, dx ) to a metric space (Y,dy ), f admits a
(global) modulus of continuity w in the sense that w is a function from R to R with lim; ,qw(t) =w(0) =0,

and forany z,2’ € X, dy (f(ac)7 f(x/)) <w (dX (z, x/)) Since the range of f is compact, we can assume with
loss of generality that w is a bounded function on R_ . Following the Wikipedia entry “Modulus of continuity”
(https://en.wikipedia.org/wiki/Modulus_of_continuity), let o' (£) := 1 [2¢ [supogs/ <s w(s/)] ds for ¢ > 0 and

w’(0) = 0. Then, it is easy to verify that w’ is increasing and continuous on R . Let &(t) := w'(t) + t for any
t € Ry, which is a modulus of continuity for f that is a strictly increasing continuous bijection on R .
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that v (||p — p/l|c0) < &m. Since v is a common modulus of continuity for 77, T, T3 and

{@;}k1es, we obtain that for any r € {1,2,3} and k,l € S,

HTT(/)) - Tr(pl)Hoo <&m,

|dk1(p) — G (0| < &m,

which completes the proof.

B.3. Proof of Lemma 3 in Section 3.3. Recall that Ty = {n}}_,. Fix any n € T
and k € S. For any w33 € 3"~3, we show that

(5) ]Ewsnf3p3n—2 — T1 (p3n—3(w3n—3)) )
Forany k' € S, let BY™"° = {i € I: 43" 3(w?3) = k'}. It follows from the definition of

02 that

E n— pin,Q :/Q pin 2( 3n—2 dQ3n7l2 _/ Z]_ 3n 2 3n 2))dQ3nn2

ze[

“5X Y [ uaeretaer;

k/GS eszn 3/ Qan—2

- Z Z Q33“ 3 ?n 2( 3n—2) :k')

k'GSzGB‘“an 3

nr Z Z Mok = Z Pgn YW ik = [T (p 3n_3(°"3n_3))]k’

M es iR k'es

where 1y, is the indicator function of the singleton set {k}. Thus, Equation (5) is verified.

Next, we prove that for Py-almost all w3l e Q371 we have

8n—1 2K(K+1
(6) ||Ew p3n _ T3 (p3n—1(w3n—1)) ”oo < ( . + )
M
For any w?" 1 € Q31 k' € Sand I' € SU{J}, let
Bey  ={iel:a}" (W) =K, gin (WP =1

It follows from the definition of p3" that for any w3~ € 37—,

3n—1 3n—1 1 R 3n—1
" i — /Q () dQET T = /Q MZlk (67" (wsn)) dQE

i€l

= Y Y damies

k'eS,'eSU{J} je gusn—1 ¥ San

k'

- Y Y e @ =k

k€S e€SU{J} je gwdn—1

k'l



DD I RC R Dl DA C L

k’ Z,GS eB:’l’ k’eszeBw
D IIDIIECICES D DD SEN()
k/ ZIGSZGBW?’n 1 ZEBWS" 1 k./eS
an—l ~ 3n 1
(7) = > N (Ber ) Ser(R)+ X (B )
k'\les

By Part (ii) of Lemma 1, we know that for any &’,1’ € S and Py-almost all w € €,
‘)\0 (Bk/? 1) pth 1( 3n— l)qk 0 (p3n—1(w3n—1))
— ‘)\0 ({’L cl: d?nfl(wfﬁn—l) — k,l’gfnfl(w{in—l) — l/})

N W N g (0¥ (WP )|

2
8 < .
®) I

It follows from the above estimation that for Py-almost all w € €2,

Mo (B ™) = o e an(e™ )|

— pin Le,3n— 1 Z)‘U (Bkl ) Sn 1( 3n—1)(1_Zqul(pZ)m—l(an—l)))

les les

© = > (o (B ) = A @ N W)

les

2K
<z

M

By combining Equations (7), (8) and (9), we can obtain that for Py-almost all w € (2,

B = [T (P )

=13 N (B,j‘" ) G (k) + No (Bkj" )

k'\lres
= 3 A T i (0P @) () — (@) (07 W)
k' lres
2K 2K2 2K  2K(K +1)
k', Z/ES
which is Equation (6).
We divide the proof for the estimation on V™" into three steps. For the mutation step in
period n, fix any w33 € Q3"=3, For any 4, j € I with i # j, it is clear that 1;(4;"?) and

1k(a?" 2) are independent on (3,2, E3p— 2,Q3:Ln 23) Therefore, we can obtain that
n nos 1 -y 1 1 1
Var™ ™’ p3r=2 = var”™" " ) T 1,(602) Var®” (@< —M-=—.

el zGI
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It follows from the Chebyshev Inequality and Equation (5) that

371 3 1 3n—3 3n—3 1
3In—2 3n—3 3n—2 3n—2
Q8 (162 = T3 (09 e 2 e ) =80 (172 -2z )

< ZQ:%:; <‘ 3n—2 Ew:""’g’pin—Q‘ > Al . > <K 1/4M K
oS M3 IM5  AMs

Let W3n—2 {w3n 2 c3n—2. Hp3nf2(w3nf2) —T (p3n73(w3n73)) HOO > ﬁ} It is clear

that

1 K

(10) Q3n72 W3n72 _ Q ;" 3 p3n72 —T p3n73 o > — dQ3n73 < —
= [ e o> =) £

For the random matching step in period n,

p3n—1(w3n—1) — p3n—2(w3n—2) — T2 (p3n—2(w3n—2))

since the agents do not change their types at the random matching step. It is then clear that

the set

n— n— n— n— n— n— n— 1
W3 1 {w3 1 QB 13”/)3 1(0.)3 1)—T2(p3 2(0.)3 2))”00>F}

- 1
3
is empty. Hence, we have

3n 1 _ n— 1 n—
(11) QSn—l(W?m—l) :/S;g ) an ) (Hp?m 1 —T2 (p3 2) ||oo > M1> dQ3 2:0

For the type changing step in period n, fix any w31 € Q37— For any 4,j € I with
i # j, itis clear that 1,(43") and 1 k( ") are independent on (3, E3,, Q% ). Therefore,
we have

3n 1 3n—1 1
Var“"" pi" = Var® g 1,(65") =
16[ ’LEI ’LEI

It follows from the Chebyshev Inequality that
3n—1 3n—1 1
o (17 -8 Pz )

Wk
3n—1 3n—1 1 1 4M K
<o (|2 ) < Y
s 2Ms 1/4M3 Ms

~ 9 9
Since M > (#> > (i) — K9M® it is clear that 2554 « _1_ Baquation (6) im-
€3A{2+1 o M 2M 3

plies that for Py-almost all w € Q, if || p*" (w3™) — E“™" " p%"|| o0 <

55 = T (61 (")) oo
<) — B 05 e + BT 0 = Ty (6L @) o

1 2K(K+1) 1 1 1
<—+ . <—tt+—1=—7
M5 M oMz  2M3: Ms




Let W3 = {w3™ € Q3"+ || p3™ (w3™) — T (0" H(w®" 1)) [|oo > ﬁ} It is clear that

3n—1 _ 1
QSn(WSn) :/ Q%Un <’p3n _ T3 (pSn 1) Hoo Z 1) dQSn 1
Q3n—1 Ms
(12) S/ w3n—1 ( 3n 7Ew3”*1 3n > - ) dQSn—l < .
P Q3n Hp p HOO O[3 i

For any m € Ty, let

= {Wm™ e Q™:w™ € W™ for some m’ between 1 and m}.

By Equations (10), (11) and (12), we have

o™y < 3 @ (wy < MK

3

m’=0

é < &g < g b Then, QW) < &1
Fix any m € {0, 1, .. 3M2} and w™ ¢ W', We have

lp™ (™) = UT" (p°) <
< o™w™) = U (0" @™ Do + Uz (0" H W™ ) = U (0°) 0

<ZH T (@) = U (P @) oo

Z |upa 7 (U2 )|

The fact that w™ ¢ W' leads to w’ ¢ W7 for any j € {0,1,...,m}. The definition of W7
implies that

167 (@) = U3 (7~ (@) oo < Nj < Eanpenn.

3

By Lemma 2, we have

m—1 m—1
1
™ (™) — U?L(PO)Hoo < Z £3M2+1—j < Z m& <&,
=0 =0

which implies that w™ ¢ V™ = {w™ € Q™ : ||[p"™(w™) — U(p°)||oo > &1}. Since w™ is
an arbitrarily fixed element in Q™ \ ", the fact that w™ ¢ V"™ implies that V" C W .
Therefore, we have Q™ (V™) < &;.

B.4. Proof of Lemma 4 in Section 3.3. Fix any m € {0,1,...,3M?}. Recall that
={wme Q™ : | p™(w™) — U"(p")||oc > &1}. By Lemma 3, we know that Py (V™) <

&1. Then, we can obtain that

6™ - 0Ol =| [ - vremaen| < [ opeeaer
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< [l ur e+ [ = 0P ) @
ym Qm\Vm
2
<&G+&6 §250:W-
It is clear that limp/ oo B1 (M) = 0.

Let By (M) = 2.

B.5. Additional Lemmas B.1-B.3. This subsection presents three additional lem-
mas. Lemma B.1 (Lemma B.2) is used to prove Lemma B.2 (Lemma B.3), while Lemma B.3
is used in the proof of Lemmas 5 and 6 of the main text.

The following lemma shows that 11z is a lower bound for [U f’”_2(p0)} .

LEMMA B.1. Foranyn € {1,2,...,M?} and k € S, we have [Uf”fQ(pO)]k

PROOF. Note that 7, > # for any k,l € S by its definition. The definition of 73
implies that for any k € S,

(072", = [T (Uf’”_3( Nl

— Z [U13n—3( nlk 2 Z U3n 3 #7

les les

which is the required inequality in the lemma. =

The following lemma shows that, if w32 is not in V372, then is a lower bound

1
2M?
for the population of type-k agents after step 3n — 2.

LEMMA B.2. For any n € {1,2,...,M?}, w32 ¢ V32 and k € S, we have

pzn 2( 3n—2) > 2]\1/[2_

PROOF. Fix any n € To = {1,2,..., M?} and w32 ¢ V37=2, By the definition of
V32 in Lemma 3, we know that [|p3"~2(w?=2) — U 2(p")|| 0o < &. It follows from

Lemma B.1 that

Py (W) = U (00 — 61> — — o

Note that £y = It is clear that §p < 5 M2 Therefore, we have

1 11
- M2 2M2?2 2M?’

which is the required inequality in the lemma. =

1
KM3

pzn 2( 3n72)

The following lemma provides an approximation of the matching probabilities at step

3n — 1 using parameter .
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LEMMA B.3. Foranyi,j € I withi # j, any w32 ¢ V32 and any k1,11, ko, 1o €

S, iféz?"_Q (w3"_2) k1 and a3" 2 ( 3”_2) = ko, then

Q5 @ = 1) = g, (07 ()< =
Q@ =) =, (0 () <
QT (G2 = 10,3 = 1) = iy, (72 (7)) i, (672 (%2))| <A;
Qo @ = 1 = 1) = (67 ), (P72 ()| <

QS:LL 12( ~3n—1 _ —J gi’m 1 J) - le (p3n—2 (w3n—2)) Cjk’z (p3n—2 (w3n—2))’ < AL

19y 1
9

PROOF. Fixanyi,j € I withi# j, w3 2¢ V3=2and k:l, l, kg, Iy € S. Assume that

63" (wn=2) = ky and 63" (w3n=%) = ky. Since N > (L ) > (i) — KOM° it
1 53M?+1 5
is clear that 5K2 4+ 2K < M 5. By Lemma B.2, we have P (win2) > 5 % , and

o (@) 2

> T . It follows from Lemma 1 that
- 2 2 2 1 1
Qs (@ =1) — ¢ 3n—2 ( 3n—2 ’SA2:A5”<A1'
’ in )=, (W) S e = e <o
Lemma 1 also implies that

‘qu 2 (gf" 1 ’ggm 1y ) — G, (P72 (W) G, (5572 (w3n—2))‘

) 5 1 1
ST = e <1
Ms M>s M» M»s
Next, we consider the case when agent ¢ is not matched. We can obtain

Q0@ =) =, (672 ()

Z Qggn 2 3n 1_ )_ Z dklll (p3n—2 (w3n—2))

Les lLeS
2K 2K 1 1
S ~ 2 - A 5 ~ 1 < ~ 1 *
Ms Mo Ms Mo
Similarly, we can prove that
Q5 (3 = T = 1) =, (0772 () i, (07 (7))

‘Q?m 1 (gjgm 1—l2> EQ:;M 2(9?” l—l,aﬁim ! l2>—

2M2

_qk2l2 (p3n 2 3n 2 qull/ 3n— 2 Sn 2)) diat, (p3n72 (w3n2))‘
l'es

SK+2 _5K+2 1 1
M5 Ms Ms  Ms

IN
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It remains to consider the case when agents ¢ and j are not matched. We have
3n—2 (, 3n—2\) 4 3n—2 (, 3n—2
(672 (@) di, (72 (0 2))|

A~

~3n—1 JA?ml ‘])_qk1

~3n—1 —J.q A3n 1 l’)

Gt = ZQ:m 1 <gz

Q?m 1 ( i
eSS
_qk (p3n 2 Ww3n— 2 + Z ., 3n 2 3n72)) qul/ (p3n72 (w3n2))‘
IresS
5K2+2K 5K?+2K 1 !
M3 Ms Ms M
The proof is thus completed.
1
it is clear that
3n—2 ~ _ _ 1 1
anl(i’ml l)_Qk (p?m 2(w3n 2))‘§Mé<ﬁ
k.

forany i € I, w2 ¢ V32 and k,l € S with 42" 2 (w3=2)

B.7. Proofs of Lemmas A.1-A.3 in Appendix A
Fix any i € I. We first show that for any m €

B.7.1. Proof of Lemma A.l.
V—1},a,b€ X and F™ € F™,

{0,1,,....N
Q9 Po(f —CL,Fm)‘ < 2&;.

[Py (7 = b f = 0, )
™) = a} N F.

Let
A={w"eQm: fM(w

It is clear that
m+1 (fm+1 _ b) de

Rt =bgr=arm)= [

Recall that Q™ (C™ (7)) < &; and for any w™ € A\C™(&;)
Qs (f7 =0) — 03| <z,

We can then obtain that
19 Po(f —a,Fm)‘

1Py ("t =0, f" =a,F™) —

-|[ @t =n) -

Jap) dQ™
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< / Q< (fH =) — 97| dQ™
AﬂC"’ 81

# o @ G =) T Q7
<QM(C™(&1) + QM (A\C™ (&1))E
(13) <& +é& =26 <2|X|e.
Proceeding inductively, assume that for a positive integer m’,
A4y |Po(F7 = b f =0, F7) = O T @ )Ry (£ = a, ™| < (21X e
forany a,b€ X ,m€{0,1,...,N —m’}, and F™ € F™. Note that
Py (gt <o, " = 0, F™)

_Zpo(m+m+1_bfm+m_cfm ’Fm)

ceX

=3 R (fmm =] g e [ = a, P

ceX
x Py (ff”m/ =c fi"= a,Fm)
and

Omt™ (q,b) = Z oMM =1(g ¢) 9™ (¢, b).
ceX
We can then obtain that

[Py (£ =, £ = 0, F™) = O3 (a,0) oy (f = a, F™)

<| B (=, = a, ) = S By (f =, =0, )

ceX

Z Q9m+m P <fim+m/ =c, fzm — a’Fm> Zﬁm—km @erm 71((1,6)?0 (fzm _ aij)
ceX ceX

<SR (g = g e = a ) B By (7 = et = a, )
ceX

+Zﬁgfb+m, ‘pﬁ (f?+m/ =, fzm = a7Fm> - éz—’_m/_l(a?C)PO (fzm = a7Fm)‘ .
ceX
By Equations (13) and (14), we know that
’po (fiTn-Fm’—&-l — b, fzrn — CL,Fm> o ém-‘rm’ (a,b)PO (f,zn =a, F’m)‘

<2 X e + | X|(21X])™ e < (21 X)) ey
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Hence, the first inequality of the lemma holds.
For the second inequality of the lemma, we only need to consider the case when

Py (f™=a, F™) > 0. The first inequality implies that

[P (S =b| £ = 0, F™) = O™ N a,b)| < 2 (fc@zim)’
(s = g7 =a) =0 = 20

By the triangle inequality, we know that
[P (g =] g = a, ) = R (£ =] g =)
L @R)Ma | @f)mE
TR (f'=a,F™) Py (f"=a)
which implies that
[P (7m0 = b, " = 0, F™) By (£ = a) = Py (£ = b, f" =a) P (f]" = a, F™)

< @IXD)™er (Po(f"=a,F™) + Ry (f" = a))

7

<2(21X)Ve; < 21X ) e.

Hence,the second inequality of the lemma holds.

B.7.2. Proof of Lemma A.2. When |X| = 1, the inequality in the lemma holds triv-
ially. Without loss of generality, assume that | X | > 2 in rest of this proof. We need to provide
a sequence of estimations {d,, },,c7 such that for any m € T, a,b € X and F"' ¢ F/"~?

and ij_l € ]:"J’-"_l, we have
(15) |Po(f" =a, F" " £ =b, F" ) = By(f" = a, F" )Py (7" = b, F" )| < dpm.

(2

Fix any m € T. When m = 0, we can take dg to be 0. Suppose that we have already
defined d,,,, we need to define d,,,+1 using d,,.
Fix any ay,as,by,bs € X, Fim_1 € f[”_l and F]m_l € .7:“}7‘_1. We need to estimate

the following difference
‘PO (fl?n—i_l :bl)f;n+1 :b27fi7n:al7f}n:a27Fim_1aFfl_l>
—Py (f" =b1, [ = a1, ") Py (f]m+1 =by, fi" = az,ijfl) ‘ :
For notational simplicity, let
B={w"eQm: f"= ay, fi" = as} nFEmt mFJm_17
B ={w"eQm: fM"=a}nF" 1,

B'={wmeQ™: f" =a2}N F]mfl.
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We can obtain that

Py (fimJrl =by, [ = by, [ =, [ = amﬂm_l,F]m_l)

/ Qatiy (f7 =, £ =) dQ™.
Since f; and f; are not £2-correlated, the probability of the event

{w™ e Q™: fi and f; are £o-correlated at w™}
is less than or equal to &5. Let
D™= {w™ € Q™ : there exists a,b € X such that
@l (Ft =a, £ =b) = Qula (7 =) @l (17 =b)| 2 22)

It is clear that Q™ (D™) < &,. Then, we have

‘PO (finl+1 :bl,f‘;?l+1 :bg,f;n :alaf;n :a2’FZ_m71’Fan,1)

/ Qi (17 =) Qi (f}”“zbz) aq"

/ ]Qm+1 (=i g7 = o) = Qi (7 = 1) Qi (JgmH —b2)|a@™
B\D™
+Q™(D™)
(16) < éx+é&r=2¢&s.
Next, we estimate the difference

/ Qualiy (S =b1) Qi (S = b2) dQ™ — Ro(B)I, Tty .

Recall the definition of C™(&7) above Equation (33) in the main text. that
C™(e) ={w™ e " |Qu 1 (f =a) —I™(f/"(w™),a)| > & for some i € [ and a € X }.

By Equation (33) in the main text, Q™ (C™(z1)) < 1. Then, we can obtain that

‘/ QUi (fM ! =b1) Qe (f}mrl = bz) dQ™ — Po(B)Uyp, Uins,

Q™

/‘Qerl (7 = by) Q9 (f +1_b2> IR

dQ™ +Q™(C™ (1))

m +1 ’IYZ +1_
< oo [ @ et =) @i (57 —bz)— T, T,
B\C™(&1)

o O U )@ (11 ) 2 (1)
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of
B\C™(&1)

o N A R A
B\C™(&1)

qm_ AW m+1 __ m
ﬁalbl m+1 <f b2) 190,1131 a2b2

dQ +&

] g @ (17 =) 00" 2
B\Cm (&
(17 §51+61+81:3§1.
By Equations (16) and (17), we have
‘Po (fZ-mJrl = by, f" =bo, fM =y, f] = azaFimflvijfl)

(18) _By(B)I"

qm
aiby Y azby

| <381 +25.
It follows from the definition of C™ (&) and Equation (33) in the main text again that

‘p (fm+1 blafz _alaFm 1) PO(B/)

a1b1}

(M =by) — 9T, ) dQ™
< / QL (7 =) — T, [dGT 4+ QT(C™(E))
\C 1(&1)
(19) <& +é&1=2¢.

Equation (19) states an inequality for a general index ¢, which can be restated for index j as

follows:

0) Po (47 =ba, £ = az, F" 1) = Po(B") 0y | < 221,

Based on Equations (19) and (20), we can obtain that

|Po (£ = by, £ =, F) Po (7 = o, " = a0, )

—Py(B")Po(B")I, O

a2b2

‘ (fm+1—b1,fm—a1,Fm 1) (fm+1—b2,fm—a2,Fm 1)
—PBo(BYIyy, Po(f]" ! = by, [T Zaz,ijfl)‘

iz, |

+’P0 VO b Po(f]M ! = b, [} = ag, F" 1) — Po(B') Po(B") !

a1b1
< |Bo(fF 1 = £ = an F'Y) = Po(B)0g, |
[Pt = b, £ =z, ) — Ro(B")

asbo |

1) < 4&.
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The induction hypothesis indicates that | Py(B) — Py(B')Py(B")| < d. By Equations (18)

and (21), we have
\Po (f;"“ = by, [ =by, [t =ar, f] = az,F,-m‘l,F;”‘l)

Py (S = b g =, FY) Py (17 = b, S = a0, )|
< | Po(B)O 00y, — Po(B')Po(B")0, Oty | + +781 + 282
(22) < |Ry(B) — Py(B')Py(B")| + 781 + 282 < T&1 + 283 + dip,.
Fix any F/" € F/™. There exists ;"' € F/"~! for any c € X such that

Fr=J((fr=0nFr).

ceX

Similarly, for any fixed Fj" € F7", there exists FJTZ_I € .7-_";71_1 for any ¢ € X such that

= (7 =c)nEp).

ceX
Therefore, it follows from Equation (22) that

‘]50 <fim+1 — bhf]m—l-l — bQ,Fim,FJm> _ PO (fim-&-l — blaFim) PO (fjm-i—l = szij)‘

< Z )Po <f¢mﬂ:blaf;nH=b2,fzm:Clvf?:C%E?ZTl’FJ@;l)

c1,c2€X

Py (I =, £ = e F) Py (7 = b, 7 = e, F )|

(23)  <|X|? (751 + 28 +dn).

Thus, we can define d,, ;1 to be | X|? (781 + 282 + dp,).

Next, we prove that for any m € T,
(24) dy < | X[ (721 + 282).

Since dy = 0, it is clear that Equation (24) holds for m = 0. Suppose that Equation (24) holds

for m = m’. Then, we have
A1 = | X% (781 + 289 + dyr)
< | X2 (781 + 28) + | X P2 (78, + 282)
< |XPS(78) +28,).

Therefore, Equation (24) holds for any m € T' by mathematical induction.
Fix any F/" € 7™ and F e .7:“]7” Equations (15) and (24) imply that

|Po (F" O FJ") — Po (F{™) Py (F}")|
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DRI RNl
by,beeX

- X AU =nER) B = E)
b1,ba€X

<X dy, < |XP™2 (721 + 289) < | XPNT2 (72, + 285)
< |XPIT! (78, + 28),

which is the required inequality in the lemma.

B.7.3. Proof of Lemmas A.3. Fix any m € T. Forany m’ € {m,m+1,...,N — 1},
let

B™ = {w™ c Q™ Y™ (™) =Y™(W™)} N F™.
If Py(B™") > 0, then it follows from Equation (35) in the main text that

Aot gy gy _ D @i (07 =) dg
Y PO(Bm/)

S (1—83)dQ™ i}
> B PO(Bm’) =(1-2¢3).

If Py(Y™ =Y™, F™) >0, then

Py(Ym™H —y™m| ™y = By (Y™ =y [y™ = Y™ PPy (Y™ = Y™ E™)
25) > (1-5) BY™ =Y™|F™).
If Py(Y™ =Y™, F™) =0, then the above inequality is trivially satisfied.

By Equation (25), we can derive

Po(Y™HA™ = Y E™) = Py (YA = Y FT) (1 £5) 2 (1 - 23) 77

One can easily prove by induction that for any x € [0,1] and n € N, (1 —z)" > 1 — nx.
Recall that &3 € [0, 1]. It is then clear that

Py(Y™FTA™ — y™| ™) > 1 — &3Am,
which is the first inequality in the lemma.
To prove the second inequality in the lemma, we first note that
}50 (Ym+Am —Y™>29 ‘ Fm)
m+Am—1

@6) = Y Ry sy oyl Ly oy p)

m/=m+1
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Fix any m' € {m+1,m+2,...,m+ Am — 1}. Assume that
By (Ym’ —yml gyl Ym,Fm) > 0.
By the first inequality in the lemma, we can obtain that
Py (yrmeam —ym [y —ym gy p)
>1—é&3(m+Am—m')>1—23Am,
which implies that
B, (Ym+Am —Y 1|y =y Y =y Fm) < & Am.
It follows from the above inequality that
B, (Ym+Am Y™ 1LY =y y =y Fm>
=Py (yrmram —ym s [y =y gy y p)
)Py (Y =yt Lyt oy )
27) < &Am P, (Ym’ —y™ Ly =y Fm> .

When P, (Ym ym-lppym-l=ym F m) 0, the inequality in Equation (27) is triv-
ially satisfied. Hence, Equations (26) and (27) together with the first inequality in the lemma
imply that

pO (Ym+Am —Y™m>2 { Fm)
m+Am—1
<zAm Y R (Ym’ =y Ly =y Fm>

m’=m-+1

< &AMPy (YA > Y™ 4 1| F™)
= &3Am (1— Py (Y™™ =y™| F™))
<& (Am)?,

which is the second inequality in the lemma.

B.8. Proof of Lemma 6 in Section 3.3. The statement of Lemma 6 provides an
estimate on the conditional probability for an agent to change type in the next period. Since
each period has a random matching step, we will need to consider the joint process (&', §™).

m

For notational simplicity, we denote S x (S U {.J}) and (4", §™) by S and 5™ respectively.
We need to apply Lemma A.1 in the main text to the case that f is the function B
IxQx{01,...,3M?} — S by choosing suitable parameters (including I, Q, T, Py, X,

Y™ and &), which are introduced in Appendix A before Lemma A.1. Apparently, we should
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take I, Q, T, Py, X tobe I, 2, {0,1,...,3M?}, Py, S respectively. It remains to define 9™
and &;.

We first consider the case when m = 3n — 3 for some n € Ty \ {0}. Then, the (m +1)-
th step is the mutation step in the n-th period. Let

F=3(q, ) — {ﬁkl if a=(k,J) and b= (1,.])
0 otherwise.

By the construction of the mutation step in the finite-agent dynamic matching model in Sub-
section 3.2, for any w33 € ¥ 3 and any b€ S

3n—3

(28) Qs (B2 =b) = 0P 3(BE 3 (WP 73), ).

Next, we consider the case when m = 3n—1 for some n € T\ {0}. Then, the (m+1)-
th step is the type-changing step in the n-th period.
Su(K)  ifa=(k1),b= (K, J)
9*" Ha,b) =11 ifa=(k,J),b=(k,J)
0 otherwise.
By the construction of the type-changing step in the finite-agent dynamic matching model in

Subsection 3.2, for any w®*~ ! € 93! and any b € S

3n—1

(29) Q. (B =0) =0 (BT (W) 0).

It remains to consider the case when m = 3n — 2 for some n € Ty \ {0}. Then, the
m-th step and the (m + 1)-th step are the mutation and matching steps in the n-th period
respectively.

g% ifa=(k,J)and b= (k,I)
P2 (a,b) =< ¢ ifa=(k,J)and b= (k,.J)
0 otherwise,

where cjg?_Q and (j;j”_Q are introduced three lines above Lemma 3. Recall that agents do

not match at the mutation step. We can focus on the case when 53"~ 2(w3"2) = (k, J) (i.e.,
a312(w31=2) = k) for some k € S. By Lemma B.3, if w372 ¢ V372 and 3372 (3" 2) =

(k,J),

3n—2 , 9, . _ _ 1
’an—l (gz?m 1:l)_qkl (p?m 2(w3n 2))‘ <= 1
Mo

1

Q@ =) = (P2 (W) | < =
Mo
By the definition of V3"~2 in Lemma 3, we know that for any w3" 2 ¢ V3772 || p3n=2(,37=2) —

U 2(p")||loo < &1. Then, Lemma 2 implies that for any w3"~2 ¢ V372,

qul (p3n—2(w3n—2)) _ q]?;?—Q _ (jkl (pSn—2(w3n—2)) _ qkl (U13n—2(p0))‘ < 50,

P
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3n—2(w3n—2)) _ q’?cmfZ‘ —

ar, (p < K&.

Z (G (Psn_2(w3n_2)) — (Ulan(po)))

leS

Therefore, for any k € S, w32 ¢ V372 with 337~ 2(w?"~2) = (k, J), if a = (k, 1) for some
[l €S, then

Q527 (B = a) = T2 (B 22,0
n— n— 1
(B = k)~ alf | <ot

9

3n—2

=@
if a = (k,J), then
Q9 (B = ) = PR (F R w), a)|
“fos
ifadg {k}x(SU{J}),
Q7 (B = @) = 9B 2 (w2, )| = 0 - 0] = .

9

n— —ONn— 1
VBT = (D) — P < Keo+

To sum up, for any i € I, any w32 ¢ V3"~2 and any a € S,

3n—2 ~ — N 1
QT (B = ) = (B (w2, a)| < Ko + e

9

In other words, if

3n—2 - noo n— 1
(30) QB = a) = PR W) 0)| > Ko+

forsome i € I and a € 5’, then w32 ¢ V372,
Form € {1,2,...,3M? —1} and & > 0, recall the definition of C™ () above Equation
(33) in the main text that

C"(e)={wmeQm: ‘QmH Bmﬂ:a)—ﬁm(@m(wm),a) > ¢ forsomei € I and a € S}.

It follows from Equation (30) that C3"—2 (K &+ ) C V372, which implies that

L
Mo

~ 1
(31) Q™ <Cm (K&) + == >> <Qm(V™)
Mo
holds for m = 3n — 2. By Equations (28) and (29), Equation (31) holds trivially for m =
3n — 3 or 3n — 1 since the left side of the inequality is zero. By Lemma 3, Q™ (V™) < &;. It

is clear that

9 9

Qr (C’“ <K§o+]\;1>> §§1§§0<K§0+J§1-
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It follows from Lemma A.1 for the case m =3n—3,m' =3,a=(k,J) and b= (r, J)

that

‘Po (d?” =7

"3 =k, PO — O34 ((k, ), (1, )|
= [0 (B = (o) | B = (), P 2) = B3T3 (k). ()|
~\3
(2])_(\)351 B (2\S|) &1
(63n 3 = (k,J), F3n*3) PO( ~3n—3 =k, F3n— 3)

It is straightforward to verify that

O3n_3((k, J), (r,J)) = [9°" 29" 20 ((k, J), (1, ]))

= Z Z (ke @ty St (7)) + er @™ 2.

k'eS leS

Then, we can obtain that

Po (& =r|ad" =k, F¥"8) — g = > ulr
les
A3n—1 (215))%a1
< @32—3((143, J), (r,J)) — fgr — Z qk;l gkl P ( 33 _ J. F3”_3)
les Q; )

= Z Z (ke @yt (1)) + ier @2 — ey — z a2 (r)

k'eS les les
(218])3a
Py (6573 =k, F3n=3)

_l’_

<iwr (=) + D0 w2 (r)| D (L= i)y 2 (r)
ki£k 1€S les
(25))%&

+PO ( ~3n—3 k’F3n73) '

Recall from the beginning of Subsection 3.2 that @ = max {7, 0} + 1. It is clear that
1

1
Mt = 37+ 32 _Mforanyk‘ 1€ S withk #1,

Ka
L= = Y it < — forany k € S,
£k

1 —
gy = fﬁkz (UP2(%)) < % forany k,l € S,

Ka
1— ‘3"2 chﬁ?QgﬁforanykeS
les
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Then, we have

Py (68" =r|a)" =k, F*"0) — i = > a Xua(r
les
Ka® K(K—1)a? N K2a? N (2]5])3&,
- M? M2 M2 Py (&% =k, F3n—3)
2K 2> 2|S)3&
(32) _2K%" (2]5])°&1

M2 Py (& =k, F3n3)
It is clear that (2|S])3&; = (2K (K + 1))3(

Mll ). By Lemma 2 and the definition of

= ﬁ, which implies that

1
KM

(25))%1 < 2K )P (K +1)*
Since K > 2 and M > 3, we know that
(2K)3(K+ 1))4M3 < (K2)3(K2)4K3109KM < Kl4+3loggM < KMS’

which implies that
1 1
KM S 3
Since P, ( 433 =k, F3”_3) > ﬁ, it follows from Equations (32) and (33) that

(33) (219))%e1 < 2K)3(K +1)*

PO (d?n =T

~3n—3 )
&=k, FOT) — i = g Rua(r
1S

2K?a*> 1  3K?a?
A2 7\{2+7Z\[2<7 M2
The proof is thus completed.

B.9. Proof of Lemma 7 in Section 3.3. We need to apply Lemma A.l to the
case that f is the function 3 = (&, ). As in the proof of Lemma 6, let I =1, Q = Q,
T={0,1,...,3M2}, Py=Py, X =5=5 x (SU{J}) and§1:K§0+ﬁ

By the second inequality in Lemma A.1, we obtain that for any ¢ € I, any n,n; €

{1,2,...,M?} with n > nq, any types k, k; € S, and any Fi3n1_3 c ]__ignl_3 C Foni-s,
[Po (@87 = k62" =k, ) Py (a8 = )
Py (a3 = k6" = k1) Py (a8 = by, F )|
- ‘PO (Bfn = (’f’J),Bf’"l = (kl,J),Fignl_?’) Py (B?nl _ (kl,J))
-P, (A{%n = (k,J),Bfnl = (k:l,J)> Py (Bfm = (k1, J), F3”1_3>‘

< (21X = (2K + )4 (Ko == ).

9
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Let By(M) = (2K (K 4 1))3M°+1 (

we know that

1 : 1 1
=T > Since —+ < &3u2 41 < &0 = s

(2K (K + 1)*M*+(K +1)
KMS ?
which implies that lim;_, ., B2(M) = 0. Hence, Lemma 7 is proved.

By(M) <

B.10. Proof of Lemma 8 in Section 3.3. We need to apply Lemma A.2 to the
case that f is the function 8 = (d&,§). As in the proof of Lemma 6, let .7 =1,0=Q,
T=1{0,1,...,3M?}, Py=Py, X =S5 =8 x (SU{J}) and & =

need to choose an appropriate value for ;.

When m = 3n — 3 or 3n — 1, the (m + 1)-th step is the mutation step or the type
changing step. By the construction of these two steps in Subsection 3.2, agents change their

types independently. Therefore, for any n € T\ {0}, a,b € S, w33 € 033 and w?" ! €
Q3n—1,

G4H @5, (B?n_Q = aaﬁ?n_g = b) =Q5, (513” 2= ) Ss (53n = >

o an (el m)—an (A =a)ar (3 =),

For step of random matching, we need estimate the difference

Qe (B =g =) — @i (B =a) o (B =)
for any n € Ty \ {0}, a,b e S, w32 € Q32 Fix any ki, ks € S and w2 ¢ V312
(introduced in Lemma 3) with 32"~ 2(w3"~2) = (ky,.J) and B?”_Q( 3n=2) = (ky,J). The
inequalities in Lemma B.3 give symmetric treatment for the cases [ € S and [ = J. For
the simplicity of applying this lemma, we introduce the notation ¢, ; to represent g in

the rest of the proof for Lemma 8. For notational simplicity in the following displayed
formula, we use Q% ,(a,b) and Q% ,(a) to denote Q%" <B3n_1 = a,ﬁ?”‘l = b) and

7

w2 (5;”’” 1o a) respectively. Note that for any I1,ls € S U {J},
Qs (k1) (s 12)) = Qo (1, 10)) Qb (s )|
< (Q;fn_2 ((k1.10). 2o 12)) = g, (% (72)) i, (6772 (7 2)|
)) 12( (W) = iy, (P72 (0772)) Qe 2((k2,l2))’
a0 (72 (7)) @ (k2. 12) = Qs (k1. 1) @ (o 12))
< ‘Q?}H ((k1,10), (k2,12)) = G, (pg”‘Z( 72) G, (077 (w3"‘2))‘
B, (0772 (0%7%)) = Qo (ko 12))|
(P77 (™)) = Qi (s 1)

(p3n 2 (w3n—2
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Lemma B.3 then implies that for any I1,lo € SU{J},

(36) S ((k1,10), (ka, 12)) = Qs (k1 10)) @4, (Ko, 12))| < ]; :
Note that for any a ¢ {k1} x (SU{J}),
(37) Q4,5 (a,b) = Q4,5 (a)Q}, 5 (b)=0

for any b € S. By combining Equations (36) and (37), we know that for any a,b € S and
wm ¢ V3n—2

. ; 3
(%) Q32 (0,D) = Qb (0) Q> ()] < =

Equations (34), (35) and (38) imply that for any m € {0,1,... ,3M? — 1}, a,b e S

and W™ ¢ V™,
m ~ ~ m 3
(9 |Qsis (Bt = Byt =b) - Qe (B =) Qs (B =0) | < 5
a( 7 =b) - Qi ( ) (=) < 5

9

Let &9 = 3&. Sinc

(39) implies that for any wmn g v, BZ and ﬁj are not &9-correlated at w™. Therefore, it

11 < &0 = 77> we hav M = &5. Then, Equation

follows from Lemma 3 that for any m € {0,1,...,3M? — 1},
Q" <{wm eQm ﬁAZ and Bj are &9 -correlated at wm}> <QMV™) <& <& < o,

which implies that 3; and j3; are not &y-correlated. Recall that |X | =|S| = K(K + 1) and
= K¢ —i— . Lemma A.2 implies that for any m € {0,1,...,3M?}, E™ € F™, and
Brem,

|[Po (F" N EF) = Po () P (E}")|

< |XPIT (72, + 2&5)

2 2 7
= KM (K 4+ 1) 3 (TK +6)¢ + F)'
Let By(M) = KM +3([ 4 1)9M*+3((TK 4 6) Mi ). Since A;% <& =

we know that
(TK + 13) KM +3 (| 4 1)9M*+3
KMS b

which implies that limps_,~ B3(M) = 0. Hence, Lemma 8 is proved.

Bs3(M) <

B.11. Proofs of Lemmas 9 and 10 in Section 3.3. We need to apply Lemma A.3
to the case that the counting process Y in the lemma is the process X; in Lemmas 9 and 10.
As in the proof of Lemma 6,let [ =1, Q=Q,T ={0,1,...,3M?}, Py =P, and X = § =
S x (SU{J}). We only need to choose an appropriate value for &3.

Fix any i € I, m € {0,1,...,3M?}, k € S and w™ € Q™ with &7 (w™) = k.
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We first consider the case when m = 3n — 3 for some n € Ty \ {0}. Then, the (m+1)-
th step is the mutation step in the n-th period. By the construction of the mutation step in the
finite-agent dynamic matching model in Subsection 3.2, we have

3713

Qs (X2 =X 1) = 3 i

lesS\{k}
Recall that
. 1 1
Mkl Mnkl—i-Mz_ foranyk:leSwnhk#l
It is clear that
N K*
(40) 2 (Xgn 2 Xf’"_3+1> < Ma.

Next, we consider the case when m = 3n—2 for some n € T\ {0}. Then, the (m+1)-
th step is the matching step in the n-th period. The construction of the matching step in the

finite-agent dynamic matching model in Subsection 3.2 and Lemma 1 allows us to claim that

QBn ) (X?m 1 XSn 2+1> ZQ?,M 2 l?,n 1_ Zq 3n— 2 3n72)).

les les
Recall that
. 1 a
G (p) = Mﬁkl( p) < Y forany k,l € Sandp € A.
It is then clear that
@n e (R =X 1) < 3 ) <
M

les
It remains to consider the case when m = 3n — 1 for some n € Ty \ {0}. Then the
(m + 1)-th step is the type changing step in the n-th period. Note that X; only counts the
number of mutations and matchings. It is clear that
(42) Qe <X3” =X g 1) =0< %
By Equations (40), (41) and (42), we can take £3 to be 2 By Lemma A.3, for any
m, Am € {0,...,3M?} and F™ € F™ such that m + Am < 3M2 and Py(F™) >0,

Am

Py(XmHam — Xm|pmy >1 —53Am=1— Ka—— R

2
Py(XHAm > Xm 4 9|F™) < 82 (Am)? = (Ka)? (ﬁ?) :

which are the required inequalities in Lemmas 9 and 10.
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B.12. Proof of Lemma 11 in Section 3.3. Fix any k € S. By the definition of p"*,

we obtain that

E (pptam) ~E (o)

E <J\14 S (d;.nwm)) _E (;4 S (@;”)) ‘

iel i€l

1
<= 3 B[1 (aptam) — 1 (ar)
M iel

1
-3 p (’1k (d;nﬂm) —1, (agﬂ)] - 1) .
M el

For any w € €, if ‘lk (dm+Am(w)) -1 (&;”(w))‘ =1, then leJrAm(w) > X7"(w). Thus,

1

(43) =

we can obtain from Equation (43) that
1 . .
o) -] < o (7).
el

By Lemma 9, we have
Py (Xpeom s Ki) =1 By (K7 = Rpr) < K
Hence, we can obtain that
& (o) ~E(op)| < Ka S,
which implies that

|E (Pm+Am) —E(p")[loo < K@ﬁ-

Therefore, Lemma 11 is proved.
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